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It is imperative that the accurate prediction of the interactions of waves with 
fluid-loaded passive or piezoelectric-enabled structures for suppression of sound 
reflection and transmission. The work in the thesis concentrates on using different 
exact methods to predict sound transmission and reflection by an infinite compliant 
plate-like structure immersed in fluids, subjected to an incident plane wave in Chapter 
3. The coupling between the fluid and structure is taken into account in a rigorous 
manner. A matrix formulation for the submerged plate subject to a plane sound wave 
excitation, which can have a stack of arbitrary number of isotropic or anisotropic 
layers, is derived to obtain the transmission and reflection coefficients for waves in the 
frequency domain.  
In Chapter 4, the technique of transformation of the second-order ordinary 
differential equation to a first-order ordinary differential equation is employed to study 
sound wave interactions with an infinite bi-layer piezoelectric enabled plate. Mode 
superposition method is applied to obtain solutions of the first-order ordinary 
differential equation with consideration of the upward and downward waves’ 
separation.  
For multilayered piezoelectric plate-like structures, the transfer matrix approach 
is proposed as well to investigate the sound wave interaction with the structure in 
Chapter 5. For piecewise piezoelectric layers or infinitely periodic structures subject to 
oblique wave incidence, both incident wave and piecewise electric potential excitations 
undergo the Fourier transforms respectively which convert the problem in piecewise x 
coordinate system into the problem in the wave-number space in Chapter 6. The 
  
ix
upward pressure waves in the x coordinate system are obtained through inverse Fourier 
transformations.  
In Chapter 7, a refined analytical method is proposed to analyze the vibration 
analysis of the beam with passive constraining layer damping treatments. The refined 
approach differs from the conventional analytical approach in that the third admissible 
function is introduced to represent the longitudinal displacements of constraining layer 
in passive damping treatments. The longitudinal vibration mode shape function of a 
free-free beam is used for this third admissible function. Finally in Chapter 8, the 
refined approach working well with passive constraining layer damping treatment is 
extended for the vibration analysis of the beam with active constraining layer damping 
treatment under both mechanical and electric excitations. 
The contributions of this thesis are: (1) the derivation of governing equations that 
consider all the couplings among elastic, piezoelectric and acoustic combinations; (2) 
the proposal of a refined analytical method for vibration analysis of a beam with 
passive and/or active constraining layer damping treatments. The proposed analytical 
method can achieve much more accurate prediction of damping effects for a damped 
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Introduction and literature review 
1.1 Overview  
During the last two decades, the problems relating to the interaction of acoustic 
waves with fluid-loaded solids as well as to passive/active damping treatments on a 
vibrating structure have been studied widely. For example, the passive/active acoustic 
coating with piezoelectric sensors and actuators is applied for the cancellation of 
underwater sound reflection and transmission. Passive constraining layer damping 
(PCLD) and active constraining layer damping (ACLD) treatments are extensively 
applied to reduce the structural vibration.  
Due to the impedance mismatch between a fluid-loaded compliant structure and 
its surrounding fluid, the specular sound reflection from the front surface of the 
structure is caused under the incidence of acoustic waves. Sonar systems may use the 
backscattered acoustic signals to detect the existence and even the characteristics of a 
submerged vessel. It is known that stealth technologies have been used for centuries as 
a counter measure. For submerged vessels, stealth can be partially achieved by 
utilizing acoustic coatings applied principally to the outer surface even though there is 
very little published information on it. 
There are two general acoustic coatings to reduce the sound reflection from a 
fluid-loaded structure. One is passive acoustic coating and the other is active acoustic 
coating which is a piezoelectric enabled structure in this thesis. Passive treatment to 
reduce the specular sound reflection from an infinite plate-like structure involves the 
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use of viscoelastic materials acting as dampers of acoustic/structural wave propagation. 
The effectiveness of compliant coating layers in reducing sound reflections from 
submerged structures has been noticed for a long time. Many mathematical and 
numerical models to investigate the effective impedance of such layers have been 
carried out. Active treatment involves the use of piezoelectric layers in the 
conventional passive acoustic coating which may actively radiate a controlled acoustic 
wave into the surrounding fluid to cancel the specular sound reflection from the 
infinite plate-like structure.  
To investigate the reduction of specular sound reflection from an infinite plate-
like structure submerged in the fluids, the formulation has to include the coupling 
between the surrounding fluids and structure and the coupling between the different 
layers of the structure in a rigorous manner. Besides, the effects of anisotropic material 
properties of the composite structure on the sound reflection need to be considered as 
well.  
To obtain an integrated piezoelectric enabled coating with good and predictable 
performance, all the layers in the coating, whether they are passive layers, sensor 
layers or actuator layers, must be analyzed with consideration of the coupling and 
interaction conditions simultaneously. 
It is found that the conventional analytical method to predict the vibration 
response of a beam with passive constraining layer damping (CLD) patches 
overestimates the damping effects of the CLD patches. Therefore, it is expected that 
more accurate analytical method should be worked out to predict the performance of 
damping treatments and guide the damping design in practice.  
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The study in this thesis covers that 1) interaction of acoustic waves with fluid-
loaded passive compliant structures; 2) interaction of acoustic waves with fluid-loaded 
piezoelectric enabled compliant structures; 3) vibration analysis of the beam with a 
partial covered PCLD patch; and 4) vibration analysis of the beam with a partial 
covered ACLD patch.  
1.2 Literature review  
In order to investigate the interaction of acoustic waves and structures which 
may be passive or the piezoelectric enabled as well as the vibration analysis of the 
structure with passive or active damping control, it is necessary to have accurate and 
reliable models. The models should cover the elasticity, electrodynamics, acoustics, 
wave propagation and their interactions. Some of the relevant studies in this area are 
presented in this section.  
1.2.1 Wave interactions with structures of passive damping 
Compliant plate-like structure usually consists of elastic coating layers attached 
to a base plate, which may be of isotropy or anisotropy. The theoretical study of Koval 
(1980), which provided the first model for sound transmission loss of composite 
constructions, was for an infinite monocoque cylindrical shell. In the analysis, Koval’s 
mathematic model was based on the shell modal impedance. The mathematical 
framework for the formulation of wave propagation phenomena in layered materials 
can be found in many treaties on wave propagation (Brekhovskikh 1980, Achenbach 
1973, Nayfeh 1995, Liu and Xi 2001). The systematic mathematical study of the 
design of non-reflective coatings seems to have begun in the field of optics in the 
1940s. Mooney (1945) presented a brief overview of the work before the 1940s and 
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then proceeded to obtain a formula for the reflectivity of an optical coating with one or 
two layers.  
Roussos et al (1984) gave a report made in the NASA Langley Research Centre 
about the theoretical and experimental study of sound transmission through composite 
plates. Ramakrishnan et al (1987) provided a theoretical model of finite element 
treatment of sound transmission through a stiffness panel into a closed cavity. They 
adopted the differential equation for mid-plane symmetrical laminated composite panel. 
Nayfeh et al (1988a) reported a theoretical analysis based on an exact two-dimensional 
wave mechanics calculation of the amplitude of the reflected and transmitted partial 
waves in a liquid-coupled, arbitrarily in-plane oriented orthotropic plate. Arikan et al 
(1989) calculated the reflection coefficient of acoustic waves incident on a liquid-solid 
interface from liquid side for a general anisotropic solid oriented in any arbitrary 
direction. Liu et al (1996) investigated the interaction between the laminate and the 
water in a one-dimensional model and the effects of the laminate-water interaction on 
the wave fields in the laminate. Furthermore, Liu et al (1995b) presented an exact 
matrix formulation for analyzing the response of anisotropic laminated plates subjected 
to line loads in a two-dimensional model. 
Nayfeh et al (1988b) included a simple introduction of several salient 
contributions on interaction of waves and composite structures, such as “effective 
modulus techniques”, “effective stiffness technique” and “mixture techniques”. As one 
of effective techniques for the interaction of sound waves with the planar layered 
media, “transfer matrix technique” was applied (Nayfey & Taylor 1988, Liu et al, 
1990a, Zheng 1992 and Skelton 1992). The transfer matrix is constructed for a stack of 
arbitrary number of layers by extending the solution from one layer to the next while 
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satisfying the appropriate interfacial continuity conditions. Based on the existing 
methods for analyzing elastodynamic response of a plate, Liu et al (1995b) 
summarized these methods into three categories: methods based on classic plate 
theories, numerical methods (Liu et al 1990b, 1991a, 1991b, 1992a, 1992b, 1994a, 
1995a, 1999) and exact methods.  
For finite structures, Mechel (2001) presented a sound field description which 
uses modal analysis. It is applicable not only in the far field, but also near the panel 
absorber. Further, Mechel derived approximate solutions based on simplifying 
assumptions. The modal analysis solution is of interest not only as a reference for 
approximations but also for practical applications, because the aspect of computing 
time becomes more and more unimportant. In Mechel's model, a plane wave is 
incident on a simply supported elastic plate covering a back volume; the arrangement 
is surrounded by a hard baffle wall. The plate may be porous with a flow friction 
resistance; the back volume may be filled either with air or with a porous material. The 
back volume may be bulk reacting or locally reacting.  
1.2.2 Wave interactions with piezoelectric enabled structures 
Stealth technologies have been used for centuries and are finding applications in 
an ever-widening range. Aircraft can be made invisible to radar and the radar signature 
of surface ships can be modified in an attempt to disguise their true identity. For 
submerged vessels, stealth is partially achieved by utilizing coatings applied 
principally to the outer surface even though there is very little published information 
on it. For example in paper by Brown et al 1997, visco-elastic tiles were developed to 
counteract radiated surface vibration, providing a damping mechanism by working the 
visco-elastic layer during cyclic deformation. Decoupling coatings were applied in 
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1970s to the outside of the pressure hull in the region of the machinery spaces to 
provide an acoustic tile between the vessel and water. This kind of tiles is of low 
modulus polymer construction (air-rubber) containing air voids. Typical acoustic 
treatments are cast or sprayed polyurethane systems, applied directly to the prepared 
external surface of the submerged vessels. Currently, research has been instigated into 
anechoic coatings to reduce vessel vulnerability to active sonar detection. As an 
example, Chiral composite as an advanced material used in acoustic anechoic coating 
was developed (Yang et al 2000). The active acoustic coatings with piezoelectric 
materials have also attracted many researchers’ attention since late of 80s.  
Smart structures research in the 1980s was motivated strongly by applications in 
space. Space structures must typically be light, stiff and dimensionally precise, while 
operating in an extreme thermal and radiation environment. Embedding sensors and 
actuators to control structural behavior with active vibration damping or isolation was 
a major thrust. Large strain materials such as shape memory metals were felt to be 
useful for structural shape control and for large motion deployments. Another research 
thrust was in the area of in situ fibre optic sensors for measurement of strain and 
vibration, and for structural health monitoring. As one of the smart materials, 
piezoelectric material can transform mechanical energy into electric energy and vice 
versa. Correspondingly, there are two kinds of piezoelectric effects: the converse and 
direct piezoelectric effects (Auld 1973). The former allows one to use the piezoelectric 
devices as actuators, while the latter makes them well suited as sensors. Common 
practices are to use piezoelectric ceramics of lead zirconate titanate (PZT) 
compositions for sensor and actuator applications in smart structures (Ting et al 1996).  
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A significant formulation to study wave propagation in piezoelectric composite 
materials appears to be the eight-dimensional state vector formalism proposed 
originally by Kraut (1969). At the heart of this formulation is the well–known fact that 
a system of ordinary differential equations can be transformed into a first-order 
system. Bao et al (1990) presented an electromechanical model of the bilaminar 
piezocomposite design with an analytical discussion. The analysis of the actuator was 
carried out based on the Mason equivalent circuit representation (MECR). The 
emphasis is in electric circuit model of a bilaminate fluid-loaded plate. Lafleur et al 
(1991) discussed the use of single and double layers of piezoelectric material to form 
acoustically active surfaces for the elimination of reflected and transmitted waves from 
a theoretical standpoint. Lafleur’s paper was declared to be the first to give out the 
basic equations relating the reflection or transmission coefficients of a layer of 
piezoelectric material to the driving voltage applied across, and furthermore, the 
comparison between the measurements of these coefficients and the calculated from 
the complex elastic, dielectric and piezoelectric constants. Honein et al (1991) 
introduced a systematic methodology to investigate wave propagation in piezoelectric 
layered media using the concept of the surface impedance tensor (SIT). The hybrid 
numerical method was used to analyze the wave propagation in functionally gradient 
piezoelectric material plates (Liu 1991a, 1992a and Liu and Tani 1994). Howarth et al 
(1992a, 1992b) introduced a piezocomposite active coating for underwater sound 
reduction that includes both piezoelectric polymer sensors and piezocomposite 
actuators encapsulated with an impedance matching elastomer. The reflection of a 
plane harmonic wave propagating in an acoustic fluid and impinging obliquely upon a 
submerged laminated piezoelectric plate was investigated (Barbone et al 1992, Braga 
et al 1992 and Ruppel et al 1993). An array of transducers is required to accomplish 
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the task because the phase of an obliquely incident sound wave varies over the surface. 
Honein et al (1992) extended their study into the functionally gradient piezoelectric 
materials. A simple centre-of-mass representation (SCMR) for a double layer actuator 
was presented by Photiadis et al (1994). Furthermore, Corsaro et al (1995) extended 
this technique to study the influence of backing compliance on the performance of 
surface mounted actuator. The use of piezoelectric materials in making smart 
acoustically active surfaces was demonstrated by Shields et al (1997). Smart tiles, local 
acoustic surface-area treatments, in actively controlling the reflection and transmission 
characteristics of generic underwater structures were demonstrated and developed by 
Corsaro et al (1997). The piezoelectric material in the form of coating was applied in 
the field of active sound radiation control in air (Gentry et al 1997). A piezoelectric 
polymer PVDF (polyvinylidene fluoride) embedded in blown polyurethane foam was 
used to form thin smart foam to minimize structural acoustic radiation. The smart foam 
was located on the surface of the vibrating structure. It adaptively modifies the 
acoustic radiation impedance of a vibrating surface. Scandrett et al (2004) used 
analytical treatments such as the invariant embedding techniques, potential method, 
Floquet theory and asymptotics approximation, to derive the mathematical model for 
predicting the acoustics performance of viscoelastic and piezoelectric materials. 
The modeling of piezoelectric laminates is carried out in two aspects: more 
accurate mechanic models to account for the characteristics of composite laminates 
and more accurate electroelastic models to account for the coupling effects between 
the electrical and mechanical fields inside the piezoelectric devices. Tiersten (1969) 
and Kraut (1969) provided the necessary theoretical development for the static and 
dynamic behavior for laminated-type smart structures.  
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In the viewpoint of applications, there are two major means to apply the 
piezoelectric enabled structures. One uses distributed piezoelectric devices that cover 
or embed the entire structure (laminated-type smart structures). The other uses discrete 
piezoelectric devices that occupy a relatively small area of structures (discrete-type 
smart structures). The modeling approaches and analysis techniques differ 
considerably between the laminated-type and discrete type smart structures.  
Similar to the classical approach for dealing with laminated structures, transfer 
matrix method was developed in dealing with wave propagation in layered 
piezoelectric enabled structures (Cai et al 2001a, 2001b). It starts with building system 
equations for each layer, and then the continuity of displacements, stresses and electric 
parameters at the interfaces of different layers is imposed. On the top and bottom 
surfaces of the laminate, boundary conditions for normal displacements, stresses and 
electric variables are used. There are different ways of formulating the global system 
equations for the entire laminate, and the key point is to separate the wave-models (or 
eigen-modes) according to the direction of wave propagation to avoid the so-called 
numerical truncation problems (Liu et al 2001b). This ensures the efficiency of the 
method for laminates with large number of layers.  
Honein et al (1991) proposed a systematic method of formulation utilizing the 
surface impedance tensor. It is proposed to overcome a numerical difficulty that exists 
when getting the solution for many layers as the product of the solutions of each layer. 
The concept of the surface impedance matrices relating the “generalized displacement” 
vector and the “generalized traction” vector at the normal plane of the layer was 
introduced. After a surface impedance matrix for a single layer is evaluated, a simple 
recursive algorithm can be written down to evaluate the surface impedance matrix for 
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many layers. Similar to the transfer matrix method, the field variables are separated 
into two parts, the upward and downward to ensure the numerical stability.  
For problems concerning with lower frequency whose wavelength is sufficiently 
larger than the thickness of the laminates, the piezoelectric enabled laminate can be 
treated as a single layer with equivalent properties. These equivalent properties can be 
obtained using the classic laminated plate theory (CLPT) that is an extension of the 
classical plate theory to composite laminates (Reddy 1997). Lee et al (1989) and Lee 
(1990) used the assumptions of CLPT to derive a simple theory for piezoelectric 
laminate. Reddy (1999) presented the theoretical formulation of laminated plates with 
piezoelectric layers as sensors or actuators. Many investigators such as Lam et al (1999) 
and Hwang et al (1993) used CLPT model and its variations to design piezoelectric 
laminates for different applications. Besides CLPT, first-order shear deformation 
theory (FSDT) as well as third-order shear deformation theory (TSDT) (Reddy 1999) 
were also applied to analyze the piezoelectric enabled laminates. A comparison study 
on all these plate theories for smart laminates was presented by Zhou (1999).  
Discrete layer theories (Mitchell et al 1995) and layerwise theories (Saravanos et 
al 1997) were developed for the static and dynamic analysis of piezoelectric laminates. 
The mechanical displacements and the electric potential are assumed to be piecewise 
continuous across the thickness of the laminate in the layerwise theory. The theory 
provides a much more kinematically accurate representation of cross sectional warping. 
Also it can capture non-linear variation of electric potential through the thickness 
associated with thick laminates. The developments of layerwise laminate theory for a 
laminate with embedded piezoelectric devices were presented by Saravanos et al (1995, 
1997). Comparisons of the predicted free vibration results from the layerwise theory 
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with the exact solutions for a simply supported piezoelectric laminate reveals the 
accuracy and robustness of the layerwise theory over CLPT and FSDT (Gopinathan et 
al 2000). 
Tani et al (1993) and Liu et al (1994b) proposed a layered element method for 
investigating the surface waves in functionally gradient piezoelectric plates based on 
works for layered elastic materials by Dong et al (1972), Kausel (1986), Waas (1972) 
and many others.  
1.2.3 Passive damping treatment for vibration control 
Damping refers to the extraction of mechanical energy from a vibrating system 
usually by conversion into heat. It serves to not only control the steady state resonant 
response but also attenuate traveling waves in the structure. Basically there are two 
types of passive damping: inherent and designed-in. Inherent damping is the damping 
that exists in a structure due to the friction in joints, interfaces, and material. Designed-
in damping refers to passive damping that is added to a structure by design.  
Designed-in passive damping for structures is usually based on one of four 
damping mechanisms: viscoelastic materials (VEM), viscous fluids, magnetics, or 
piezoelectrics (Johnson et al., 1982). It is believed that approximately 85% of the 
passive damping treatments in actual applications are based on viscoelastic materials.  
A viscoelastic material exhibits characteristics of both a viscous fluid and elastic 
solid, i.e., it returns to its original shape after being stressed, but does it slowly enough 
to oppose the next cycle of vibration. Many polymer materials having long-molecules 
exhibit viscoelastic behavior. The material properties of VEMs depend significantly on 
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environmental conditions such as temperature, vibration frequency, pre-load, dynamic 
load, environmental humidity and so on. 
The concept of reducing the vibration of a structure with constraining layer 
damping (CLD) was first introduced by William Swallow (1939) in a British patent 
specification. Substantial progress has been made by various investigators in 
developing an understanding of the parameters in the design of CLD treatments that 
utilize shear deformation. Numerous papers have been published on the vibration 
damping analyses of CLD-treated beam and plate structures. Although CLD designs 
have been around for over 60 years, recent improvements in the understanding and 
application of the damping principals, together with advances in material science and 
manufacturing have led to many successful applications. The key point in any design is 
to recognize that the damping material must be applied in such a way that it is 
significantly strained whenever the structure is deformed in the vibration mode under 
investigation.  
Constrained layer damping treatments have provided an effective way to 
suppress vibration in structures. Literature survey shows that the pioneer work in the 
field could be traced back to the late 1950’s when Kerwin (1959) proposed a shear 
damping mechanism in plate vibrations. Most of early works in the field dealt with the 
treatments by full PCLD coverage. Kerwin first modeled the damping of flexural 
waves for a sandwich beam and established equations which describe the viscoelastic 
behavior through the use of a complex modulus. In the same year, Ross et al (1959) 
gave a more complete analysis of the mechanism producing damping and identified 
several critical design parameters. Ross et al (1959) outlined the dominant design 
parameters for the case where all layers vibrate with the same sinusoidal spatial 
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dependence. Two outer layers are assumed to deform as Euler-Bernoulli beams and 
VEM layer to deform only in shear. This leads to a single fourth order beam equation 
where the equivalent complex bending stiffness depends on the properties of the three 
layers. These two papers are regarded as the foundation of the body of subsequent 
literatures. Yu (1960) deduced a flexural theory for sandwich plates and solved for 
generally forced vibration in case of plane-strain. Yin et al (1967) evaluated CLD 
quantitatively based on experiments. Most earlier theoretical work on sandwich beams 
with viscoelastic cores can be traced to DiTaranto (1965) and Mead and Markus (1969) 
for the axial and bending vibrations of beams resulting in a sixth-order equation of 
motion. Their analysis was basically the extension of Kerwin’s one to beams with 
general boundary conditions in which sinusoidal spatial dependence can not be 
assumed. Douglas and Yang (1978) improved upon the Mead and Markus model by 
modeling the beam and viscoelastic as an eighth-order differential equation with 
complex coefficients. While these advancements greatly facilitate finding solutions for 
a sandwich beam, solving the differential equation is still very cumbersome. Also, all 
of the models mentioned depend on a complex shear modulus to account for the 
damping behavior of the VEM. This allows only steady state solutions, i.e. solutions at 
single frequencies. Torvik (1980) summarized the principle contributions made to the 
design and analysis of CLD.  
Frequency and loss factors of sandwich beams were calculated by Mead & 
Markus (1969) and Rao (1978) for various boundary conditions using energy methods. 
Yan and Dowell (1972) derived an analysis including longitudinal and rotary in all 
layers and shear strain in the outer layers. When these additional effects are neglected, 
their equations reduce to a fourth-order equation rather than a sixth-order one. Effects 
of inertia on transverse, longitudinal and rotary vibrations were further examined by 
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Rao and Nakra (1973) in an analysis of flexural vibrations of asymmetrical sandwich 
beams and plates. Mead (1980) has shown that the fourth-order equation does not 
accurately account for the shear stress distribution in the laminate, and as a result, is 
valid only for thick and stiff viscoelastic core. Mead also derived the governing 
equations including the effects of shear deformation and longitudinal inertia in the face 
plates. He showed that the earlier sixth-order equation is adequate when the flexural 
wavelength are greater than four times the thickness of the thickest face-plate. He & 
Ma (1988) derived simplified governing equations and obtained an asymptotic solution 
for the sandwich plate. The problem of computing damped natural frequencies and loss 
factors was also explicitly solved by (Rao & Nakra, 1973; Bhimaraddi, 1995) for both 
beams and plates when simply support end conditions are assumed.  
Recently, Fasana et al (2001) investigated mode shapes, frequencies and loss 
factors by means of the Rayleigh-Ritz method and with application of polynomials as 
admissible functions. 
One of the major assumptions made when obtaining governing equations for 
PCLD is the fact that the transverse displacement remains the same through each layer: 
beam, VEM and constraining layer. Bai and Sun (1994) stated the assumption of equal 
transverse displacement is not valid and assumed a nonlinear displacement field of the 
core in both the longitudinal and transverse direction. Bhimaraddi (1995) also stated 
that the assumption of equal transverse displacement is not valid in cases where the 
viscoelastic core is much thicker than the face layers, or where the VEM core modulus 
is low. However, within the scope of this thesis, thin VEM layers are used compared to 
beam and the assumption of equal transverse displacement is valid. 
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Most CLD treatments discussed so far have assumed a sandwich configuration. 
It is not necessary, and indeed it is not optimal, to have full coverage. Plunkett et al. 
(1990) and Kerwin et al. (1984) addressed the issue of segmented damping treatments 
and found that damping could be increased by having multiple segments of optimal 
length or multiple layers of CLD. 
Due to the constraints of cost and weight in engineering application, partial 
damping treatment where only a portion of base beam is covered with PCLD patches is 
obviously more practical. Nokes et al (1968) were among the earliest investigators to 
provide a theoretical and experimental study for a symmetrically placed constrained 
patch for symmetric boundary conditions. A more thorough analytical study was 
carried out to solve, by using three different approaches, the eigenvalue problem for a 
beam by Lall et al (1987) and a plate by Lall et al (1988) with single PCLD patch. A 
force balance condition was applied by Lall et al (1987) to establish a relationship 
between the longitudinal displacements between base beam and constraining layer. 
The longitudinal displacements of base plate at any section of the sandwich portion are 
related to those of constraining layer by making use of the governing equations of 
motion of a viscoelastically damped sandwich plate (Lall et al, 1988). Levy et al (1994) 
analyzed the natural vibration of a cantilever beam that is partially covered by a double 
sandwich-type viscoelastic material. In their formulation, the governing equations 
were derived employing Hamilton’s principle and applying a relationship (Kerwin’s 
weak core assumption) between the longitudinal displacements of base beam and 
constraining layers. Kung and Singh (1998) presented an analytical and energy based 
method for analyzing the harmonic vibration response of a beam with multiple PCLD 
patches. The classic sandwich beam theory and a secondary minimization scheme are 
employed to derive kinematic relationships between the transverse displacement and 
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other deformations in all layers. Huang et al (1996) also assumed that there exists a 
longitudinal displacement relationship between base beam and constraining layer prior 
to employing the energy principle in their formulation of active and passive 
constrained layer damping treatments. With the relationship in conjunction with the 
assumed-modes method, the motion equations of the beam with partial PCLD 
treatment are obtained. Gao and Shen (1999) adopted the same concept as well in their 
paper.  
1.2.4 Active damping treatment for vibration control 
Alternatively, the active constraining layer damping (ACLD) treatment is 
applied in which the conventional elastic constraining layer in PCLD is replaced by a 
piezoelectric layer. In this class of damping treatments, viscoelastic damping layers are 
constrained by active piezoelectric layers whose longitudinal strains are controlled in 
response to the structural vibrations in order to enhance the energy dissipation 
characteristics. The ACLD treatment combines the attractive attributes of both active 
and passive damping. For instance, active damping enhances the damping capability 
and passive damping improves robustness and reliability of the system. A main 
rationale for using ACLD is in the event that the active element fails (sensor, actuator 
or electronic failures); the treatment will act as a passive constrained layer damping 
(PCLD) treatment and still damp vibration. Although active damping of vibration in 
high frequencies can be costly and very difficult, passive damping works well at high 
frequencies by inducing more shear in the VEM. Therefore, the active and passive 
elements complement each other.  
Olson (1959) presented the early application of piezoelectric materials for 
vibration control. Since the early 1990s, active constrained layer damping (ACLD) has 
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received much attention, as summarized by Baz and Ro (1995). Distributed vibration 
control of beams using the piezoelectric effect has been studied by Bailey et al (1985), 
Crawley and Luis (1987) and Tzou (1989). In terms of achieving very high damping, 
only limited success has been achieved by these distributed control approaches. Lee 
(1990) presented the theory of laminated piezoelectric plates for the design of 
distributed sensors/actuators and provided governing equations and reciprocal 
relationships. Tzou and Gadre (1989) proposed a generic theory for the intelligent shell 
system by the equations of motion coupling sensing.  
Recent studies related to discrete ACLD patches are as follows: Baz and Ro 
derived the equations for partial treatment of a beam (1993a) and employed finite-
element methods (FEM) for the same system (1993b). Shen (1994) investigated the 
bending vibration of ACLD-treated composite plates as well as the torsional vibration 
of a shaft. A one-dimensional mathematical model for determining the mechanical 
responses of beams with piezoelectric actuators was presented by Shen (1995). This 
model is based on Timoshenko beam theory with the host beam and piezoelectric 
patches being separately modeled using beam elements. Kinematic assumptions are 
made to satisfy the compatibility requirements in the vicinity of the interfaces between 
the piezoelectric devices and the main structure. Van Nostrand and Inman (1995) also 
used finite element method for transient vibration.  
There exist four approaches to study discrete type smart structures: equivalent 
line moment approach, the approach based on Hamilton’s principle with a Rayleigh-
Ritz formulation, finite element approach and mesh free approach. 
Equivalent line moment approach: It was demonstrated that the actuator 
symmetrically and perfectly bonded on a structure is equivalent to external line 
Chapter 1 Introduction and literature review 18
moments acting along its boundaries. The representative papers are from Crawley et al. 
(1987) and Dimitriadis et al (1991). Crawley et al. (1987) presented a rigorous study of 
the stress-strain-voltage behavior of piezoelectric elements bonded to and imbedded in 
one-dimensional beams. In their models the usual assumption is that unless an electric 
field is applied the presence of the piezoelectric material on or in the substrate does not 
alter the overall structural properties significantly. An important observation of them is 
that the effectiveness moments resulting from the piezoactuators can be seen as 
concentrated on the two ends of the actuators when the bonding layer is assumed 
infinitely thin. Dimitriadis et al (1991) developed the finite two-dimensional 
piezoelectric elements perfectly bonded to the upper and lower surfaces of elastic plate 
through static and dynamic analysis. The loads induced by the piezoelectric actuator to 
the supporting thin elastic structure are estimated in their research. Then, the 
equivalent magnitude of the edge moments is applied to the plate to replace the 
actuator patch such that the bending stress at the surface of the plate is equal to the 
plate’s interface stress when the patch is activated. 
The approach uses the induced strain by the piezoelectric actuators as an applied 
strain that contributes to the total strain of the non-active structures, similar to a 
thermal strain contribution. Strictly speaking, it is not a fully coupled analysis between 
mechanical and piezoelectric structures, and only considers the converse piezoelectric 
effect. Many other investigators have used this analytical model for various 
applications where piezoelectric patches are used for controlling beams, plates and 
shells.  
Hamilton’s principle with a Rayleigh-Ritz formulation: Hagood et al (1990) 
studied the damping of structural vibrations with piezoelectric materials and passive 
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electric networks. They derived an analytical model for an electroelastic system with 
piezoelectric materials using the Hamilton’s principle. The Hamilton variational 
principle or energy methods will effectively include all coupling between piezoelectric 
devices and substrate. The physics of the entire structure has been fully accounted for 
in the energy integrals and there is no need to derive equations based on forces and 
moments. The resultant equation of motion is solved using the Rayleigh-Ritz method. 
Hagood et al (1990) found that the piezoelectric energy transformation properties 
highly couple to the dynamics of the electric circuit and elastic system. They studied 
the coupling how to affect the damping effects on the structural modes of a 
cantilevered beam. Gibbs et al (1992) developed an analytical static model to describe 
the response of an infinite beam subjected to an asymmetric actuation induced by a 
perfectly bonded piezoelectric element. Plantier et al (1995) derived a dynamical 
model for a beam driven by a single asymmetric piezoelectric actuator. Their model 
included the effect of the adhesive bonding layer, i.e., the actuator is not assumed to be 
perfectly bonded to the base structure. 
Finite element method: For discrete piezoelectric patches, most investigators 
have used numerical methods such as the FEM because obtaining exact solutions is 
difficult. FEMs were put into application for piezoelectric structures since Allik et al 
(1970). Rao et al (1993) developed FEMs to study the dynamic as well as the static 
response of plates containing distributed piezoelectric devices based on the variational 
principles. Hwang et al (1993) used a four-node quadrilateral element based on classic 
laminate theory with the induced strain actuation and Hamilton’s principle. They 
assumed that no stress field is applied to the actuator layer and accordingly the 
equivalent actuator moments per unit length are found as external excitation loads. 
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Lam et al (1997) developed a finite element model based on the classic laminated plate 
theory for the active vibration control of a composite plate containing distributed 
piezoelectric sensors and actuators. Zhou (1999) used the same concept to establish 
finite element models of piezoelectric composite laminates based on Hamilton’s 
principle as well as CLPT, FSDT and TSDT respectively. Chandrashekhara et al 
(1993) developed a nine-node shear flexible finite element to study the dynamics of 
the laminated plate with actuators and sensors. Shen (1994) developed a one-
dimensional finite element formulation for the flexural motion of a beam containing 
distributed piezoelectric devices. In his work, the generalized variational principle is 
used to include the virtual work done by the inertial and electric forces to get the 
functional. Chen et al (1996) presented the general finite element formulations for 
piezoelectric sensors and actuators by using the virtual work principle. Kim et al 
(1997) developed a transition element to connect the three-dimensional solid elements 
in the piezoelectric region to the flat-shell elements used for the plate. They adopted 
some special techniques to overcome the disadvantages and inaccuracy of modeling a 
plate with three-dimensional elements.  
Mesh free method: Mesh free methods requires no mesh for simulations, and 
hence have achieved remarkable progress in recent years. A number of methods have 
been developed by many researchers as detailed in the monograph on meshfree 
methods by Liu (2002).  
Liu (2002) and Liu and Gu (2001a) originated the point interpolation method 
(PIM) with the so-called matrix triangulation algorithm (MTA) that uses the nodal 
values in the local support domain to interpolate the shape functions. Recently, Liu and 
Dai et al (2002) dealt with piezoelectric device analysis with mechanical and electrical 
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coupled problems using PIM. The problem domain is represented by a set of arbitrarily 
distributed nodes. A polynomial basis is used to construct the shape functions, which 
possess delta function properties. Piezoelectric structure with arbitrary shape is 
formulated using polynomial PIM in combination with variational principle and linear 
constitutive piezoelectric equations.  
1.3 Outline of the research 
1.3.1 Objective and scope of the research 
Extensive literature review as presented in the previous sections indicates that it 
is imperative that the accurate prediction of the interactions of acoustic waves with 
fluid-loaded passive or piezoelectric-enabled compliant structures. The work 
concentrates on using different exact methods predicts sound transmission and 
reflection by an infinite compliant plate-like structure immersed in fluids, subjected to 
an incident plane wave in first four chapters. The more accurate analytical method is 
proposed to analyze the performance of damping treatment onto an elastic structure. 
The objectives and scopes of the study on the acoustic wave interaction with an 
infinite, active, fluid-loaded and compliant plate-like structure are as follows: 
• To derive a matrix formulation for the submerged structure subject to a 
plane sound wave excitation to obtain the transmission and reflection 
coefficients of the structure in the frequency domain;  
• To investigate the effects of material properties of a stack of arbitrary 
number of anisotropic or isotropic layers, the thickness of coating layer and 
base plate, the mutual position of layers, and the damping loss factors on 
the sound transmission and reflection. 
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The objectives and scopes of the study on the improved analytical method to 
analyze the vibration response of a beam with PCLD patches are as follows: 
• To study the response of the finite structures under mechanical excitation 
with PCLD treatments.  
• To propose a refined approach for vibration response analysis of a beam 
with passive constrained layer damping (PCLD) patches.  
The objectives and scopes of the study on the improved analytical method to 
analyze the vibration response of a beam with ACLD patches are as follows: 
• To study the response of the finite structures under mechanical excitation 
and applied electric potential with ACLD treatments.  
• To apply the achievements developed for vibration analysis of a beam with 
PCLD treatments  
The contributions of this thesis are: (1) the derivation of governing equations that 
consider all the couplings among elastic, piezoelectric and acoustic combinations; (2) 
the proposal of an improved modeling of the vibration analysis of a structure with 
passive and/or active damping treatments to be able to achieve a more accurate 
prediction of damping effects compared to the conventional method, thereby rendering 
it more practical. 
1.3.2 Synopsis of the research  
In this study, the basic theories on elastic and piezoelectric materials are first 
reviewed to facilitate the derivations of all the formulations in the subsequent work. 
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An exact method is proposed for sound transmission and reflection by an infinite 
compliant plate-like structure immersed in fluids subject to an incident acoustic plane 
wave. A matrix formulation for the submerged plate subject to a plane sound wave 
excitation, which can have a stack of arbitrary number of anisotropic or isotropic 
layers, is derived to obtain the transmission and reflection coefficients in the frequency 
domain. The coupling between the fluid and structure is taken into account in a 
rigorous manner.  
The technique of transformation of the second-order ordinary differential 
equation to a first-order ordinary differential equation is employed to study sound 
wave interactions with an infinite two-layer piezoelectric enabled plate. Mode 
superposition method is applied to obtain solutions of the first-order ordinary 
differential equation with consideration of the upward and downward waves’ 
separation. Adopted is the concept of the surface impedance matrices relating the 
“generalized displacement” vector and the “generalized stress” vector at the normal 
plane of the layer. After a surface impedance matrix for a single layer is evaluated, a 
simple recursive algorithm which is numerically stable can be written down to evaluate 
the surface impedance matrix for many layers, if any. Upon having the surface 
impedance matrices for piezoelectric and elastic layers together with the application of 
continuity conditions between interfacial surfaces inside the structure and between 
structure and the surrounding fluid, the sound reflection and transmission can be 
obtained in principle. For sake of simplicity, sound waves from a bottom-free 
bilaminated piezoelectric enabled plate are investigated which is subject to dual 
excitations of incident plane wave and applied controlled electric potential. The results 
show that the sound waves from the plate can be separated into two parts. The first part 
is contributed to the plane sound wave reflected from the two-layer bottom-free 
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piezoelectric plate subject to an incident plane wave, specular sound reflection. The 
second part is contributed to the plane sound wave radiated from the two-layer bottom 
free plate subject to an electric potential applied across the piezoelectric layer. 
Therefore, it can be found the electric potential needed to fully suppress the specular 
sound reflection from the structure. In addition, the distribution of general 
displacement and traction in the piezoelectric and elastic layers can be obtained via the 
solution of initial value problems for ordinary differential equations with known 
boundary conditions on upper and lower surfaces of the structure. 
For the piezoelectric enabled structures, the transfer matrix approach is proposed 
as well to investigate the sound wave interaction with multilayered piezoelectric plate-
like structures. It starts with the investigation of wave propagation in the structures 
such as a single piezoelectric layer and a single elastic layer respectively. Followed is 
the wave propagation in the upper and fluid medium of the structure. Their solutions 
are obtained in expanded matrix forms. Similarly, it shows that the sound waves 
generated from the piezoelectric enabled structure consist of two components. One is 
corresponding to the incoming plane sound wave incidence, specular reflection, and 
the other is due to the applied electric potential applied across the piezoelectric layer, 
sound radiation. Two cases are considered. Reflection and transmission from a 
piezoelectric solid substrate and from an infinite layered piezoelectric and elastic plate 
are investigated, respectively. In case of normal sound wave incidence, the transfer 
matrices based on one dimension model is carried out. To derive the transfer matrix of 
a piezoelectric layer, the electric and mechanical effects on response of the layer are 
considered separately. With the model developed, the transfer matrices of elastic, 
sensor and actuator layers can be obtained.   
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Furthermore, piecewise piezoelectric layers or infinitely periodic structures are 
considered with sound wave incidence. In each piezoelectric element, a different 
voltage is applied across the layer to lead to a piecewise constant voltage distribution 
in space. It is an approximation of the continuously varying voltage. First, the dual 
excitations (incident plane acoustic wave and piecewise electric potential applied onto 
the respective piezoelectric elements) of the bilaminated piezoelectric plate undergo 
the Fourier transforms respectively which convert the problem in piecewise x 
coordinate system into the problem in the wave-number space. Second, taking into 
account of sound wave interactions with the bilaminate in a rigorous manner results in 
the reflected sound wave due to incident plane wave in the wave-number space as well 
as the radiated wave due to the applied piecewise constant electric potentials in wave-
number space. Finally, the inverse Fourier transformation of these two waves 
generates the upward pressure waves in the x coordinate system again.  
Beside the investigation on the interactions of acoustic waves and infinite 
passive or active plate-like compliant structures, the response of the finite structures 
under mechanical excitation is studied with passive damping treatments. A refined 
approach is presented for vibration response analysis of a beam with passive 
constrained layer damping (PCLD) patches based on Lagrange equation and the 
assumed modes method. The refined approach differs with the conventional analytical 
approach in that the third admissible function is introduced to represent the 
longitudinal displacements of constraining layer. The longitudinal vibration mode 
shape function of a free-free beam is used for this third admissible function. Through 
the case studies using the conventional analytical approach, proposed analytical 
approach and finite element method, it is found that the refined approach has an 
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excellent accuracy for commonly used VEMs in PCLD patch while the conventional 
analytical approach will overestimate the damping effects. 
The refined approach working well with passive damping treatment is extended 
for the vibration analysis of a beam with active constrained layer damping treatments 
under both mechanical and electric excitations. The whole procedure to analyze the 
vibration response of a beam with ACLD patch is same as that with PCLD patch. 
However, due to the dual excitations, the difference between PCLD and ACLD 
treatments comes in the energy expressions associated with the applied electric 
potential and the generated electric charge on the electrode of the PZT layer. In 
addition, one more assumed mode is adopted to represent the applied electric potential. 
1.4 Thesis organization 
An organization of the remainder of the thesis is as follows. In Chapter 2, the 
basic theories on elastic and piezoelectric materials are reviewed to facilitate the 
derivations of all the formulations in the subsequent chapters. 
In Chapter 3, an exact method is proposed for sound transmission and reflection 
by an infinite compliant plate-like structure immersed in fluids, subject to an incident 
plane wave. In this method, a matrix formulation for the submerged plate subject to a 
plane sound wave excitation, which can have a stack of arbitrary number of anisotropic 
or isotropic layers, is derived to obtain the transmission and reflection coefficients in 
the frequency domain. The coupling between the fluid and plate is taken into account 
in a rigorous manner. Several application examples are used to evaluate the effects of 
the thickness of coating layer and base plate, the mutual position of layers, and the 
damping loss factors on the sound transmission and reflection.  
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In Chapter 4, Kraut’s formulation is adopted. First, the second-order ordinary 
differential equation is transformed to first-order ordinary differential equation. Second, 
adopted is the concept of the surface impedance matrices relating the “generalized 
displacement” vector and the “generalized traction” vector at the normal plane of the 
layer.  
In Chapter 5, the transfer matrix approach is applied to investigate the sound 
wave interaction with multilayered piezoelectric plate-like structures. The chapter 
starts with the investigation of wave propagation in the structures (a single 
piezoelectric and elastic layer) and the establishment of their solutions in expanded 
matrix forms. Followed is the wave propagation in the upper and fluid medium of the 
structure. 
In Chapter 6, piecewise piezoelectric layers or infinitely periodic structures are 
possible alternatives in practice. In each piezoelectric element, a different voltage is 
applied across the layer to lead to a piecewise constant voltage distribution in space. It 
aims at analyzing the piezoelectric layer capable of eliminating reflections of obliquely 
incident sound waves. To construct a basis for analyzing the sound wave radiated by 
the phased array (actuator), reflected from the passive surface (reflector) or detected by 
the array (sensor), the theory on sound radiation from a point source is reviewed first. 
Followed are the sound radiation from a linear array and 2D finite array, respectively. 
After that, the sound reflection from a finite passive reflector is presented. Finally, the 
suppression of sound reflection using a piecewise bilaminated piezoelectric enabled 
structure is studied and some numerical examples are given. 
In Chapter 7, a refined approach is presented for vibration response analysis of a 
cantilever or simply supported base beam with partial PCLD patches. Applying the 
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assumed-modes method after application of the energy approach and Lagrange 
equations, the discretized governing equations of motion are established. The refined 
approach differs with the conventional analytical approach in that the third admissible 
function is introduced to represent the longitudinal displacements of constraining layer. 
The longitudinal vibration mode shape function of a free-free beam is used for this 
third admissible function. The comparisons among the results from the refined and the 
conventional analytical approach as well as commercial FEM code reveal that the 
refined approach can predict the vibration response of the cantilever or simply 
supported beam with single partial PCLD patch more accurately in higher frequency 
range. 
In Chapter 8, the response of a beam with active constrained layer damping 
(ACLD) treatments is presented under both mechanical and electric excitations. The 
whole procedure to analyze the vibration response of a beam with ACLD patch is same 
as that in Chapter 7, i.e., the governing equation is obtained from the basic kinematic 
relations, energy expressions of the beam structure with ACLD treatment, systems, 
Lagrange’s Equation and assumed mode method. However, due to the dual excitations, 
the difference between PCLD and ACLD treatments comes in the energy expressions 
associated with the applied electric potential and the generated electric charge on the 
electrode of the PZT layer. In addition, one more assumed mode is adopted to 
represent the applied electric potential. 
Finally, concluding remarks of the presented study are summarised in Chapter 9. 
 
Chapter 2 
Overview of theory on elastic and piezoelectric materials 
To facilitate the derivations of all the formulations in the subsequent chapters, 
the basic theories on elastic and piezoelectric materials are reviewed below. 
2.1 Elastic materials 
In the case of absence of body force, the dynamic behavior of a linear elastic, 
generally triclinic anisotropic solid can be described in the orthogonal Cartesian 














































































 (2 - 1)
or 
UσL &&ρ=T  
(2 - 2)
where σ is stress vector; U is the displacement vector { }Twvu ; u, v and w are the 
displacement components in three Cartesian directions (x, y, z), respectively; ρ is the 
material density; matrix operator L is obtained via inspection from Equation (2 - 1). “⋅” 
is the differentiation with respect to time and a superscript “T” denotes the transposed 
operation for a matrix or a vector. 
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The generalized Hooke’s law relating stresses to strains (constitutive relations) 
and strain-displacement relations are 
Cεσ =  (2 - 3)
LUε =  (2 - 4)


























C  (2 - 5)
Combination of Equations (2 - 2), (2 - 3) and (2 - 4) results in the equation of the 
motion with respect to displacements in matrix form 
UCLUL &&ρ=T  (2 - 6)
2.2 Material symmetry 
Utilizing the simple strain energy argument, it is seen that the number of 
independent elements in the elastic stiffness matrix is actually twenty-one in number. 
With the reduction from 36 to 21 independent constants above, the stress-strain 
relations are 
















































































 (2 - 7)
as the most general expression within the framework of linear elasticity. The relations 
in Equation (2 - 7) are referred to as characterizing anisotropic or triclinic materials 
since there are no planes of symmetry for the material properties. 
Often, natural materials as well as man-made ones (such as structural 
composites) have material symmetries which can lead to further simplification in their 
constitutive relations (2 - 7) through a reduction in the number of independent 
coefficients.  




















































































 (2 - 8)
Such a material is termed monoclinic. There are 13 independent elastic constants for 
monoclinic materials. 
If there are two orthogonal planes of material property symmetry for a material, 
any plane normal to them is also a plane of symmetry. The stress-strain relations in 
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coordinates aligned with principal material directions, which are parallel to the 



















































































 (2 - 9)
Such a material is termed orthotropic. There are 9 independent elastic constants for 
orthotropic materials. 
If at every point of a material there is one plane in which the mechanical 
properties are equal in all directions, then the material is termed transversely isotropic. 






















































































 (2 - 10)
Such a material is termed transversely isotropic in the xoy plane. There are 5 
independent elastic constants for transversely isotropic material in the xoy plane. 
If there are an infinite number of planes of material property symmetry, the 
relations are simplified to the isotropic material case with only two independent 
constants in the stiffness matrix 


























































































 (2 - 11)
The compliance matrices or the strain-stress relations of the materials mentioned 
above are listed below. 














































































 (2 - 12)



















































































 (2 - 13)
Orthotropic (9 independent constants) 





















































































 (2 - 14)





















































































 (2 - 15)
























































































 (2 - 16)
2.3 Engineering constants of orthotropic materials 
The stiffness matrix and/or compliance matrix is related to conventional 
engineering constants. Engineering constants for orthotropic material are generalized 
Young’s moduli, Poisson’s ratios and shear moduli which are measured in simple tests 
as uniaxial tension or pure shear tests.  
Most simple tests are performed with a known load or stress. The resulting 
displacement or strain is then measured. Therefore, the compliance matrix is 
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determined more directly than the stiffness matrix. The compliance matrix for an 









































S  (2 - 17)
where Ex, Ey and Ez are the complex Young’s moduli in x, y and z directions, 
respectively. ijν  are the Poisson’s ratios for the transverse strain in the j-direction 




εν −=  (2 - 18)
for σσ =jj  and all other stresses are zero.  
By inverting Equation (2 - 17), the engineering stiffness matrix C is obtained. 































 (2 - 19)







1 νν ; yzGc =44 ; zxGc =55 ; xyGc =66  
where 
zyx EEE
133221133132232112 21 ννννννννν −−−−=∆  (2 - 20)
2.4 Viscoelastic effects in elastic materials 
The viscoelastic effects are combined under the assumptions of cyclic (time 
harmonic) loading. Viscoelastic materials (VEM) typically consist of long polymers 
which are highly dependent upon cyclic loading and temperature effects because of the 
molecular bonds holding them together. Nomograms displaying loss factors in the 
Young's and shear moduli due to variations in frequency and temperature are valuable 
tools in analyzing the effectiveness of viscoelastic material in vibration and acoustic 
damping. It is a general practice in engineering to incorporate the damping effects due 
to complex wave speeds into the Young’s or shear modulus of a viscoelastic material 
as 
( )ηjEE ii += 1*  (2 - 21)
where η is the loss factor whose magnitude is represented vs frequency and 
temperature through the use of nomograms. Superscript “*” denotes the complex and 
subscript “i” may be 1, 2 and 3 with respect to three Cartesian coordinates, x, y and z.  
The complex modulus is the standard representation of VEM damping in steady 
state, the loss factor can be related to the standard damping ratio ξ by η = 2ξ. The 
approach is adopted in the thesis. 
Chapter 2 Overview of theory on elastic and piezoelectric materials 
 
37
2.5 Transformation of field parameters 
The above equations of motion, constitutive equations are in the orthogonal 
Cartesian coordinate system which coincides with the crystollographical or principal 
material coordinate system. The coordinate system used in the solution of a problem 
(problem coordinate system), in general, may not coincide with the material coordinate 
system. For example, composite laminates have several layers each with different 
orientation of their material coordinates with respect to the laminate coordinate. Thus, 
there is a need to establish transformation relations among field parameters (stress, 
strain and displacement components) in one coordinate system to the corresponding 
parameters in another coordinate system. These relations can be used to transform 
constitutive equations from the material coordinates to the problem coordinates.  
Scalars, by definition, are independent of any coordinate system. While vectors 
and tensors are independent of the selected coordinate system. The same vector or 
tensor has, in general, different components in different coordinate systems. Any two 
sets of components of a vector can be related by writing one set of components in 
terms of the other. Such relationships are called transformations. 
If the bases in two coordinate systems are denoted ( )321 ,, eee ′′′  and 
( )321 ,, eee ,the relations between the bases of the primed and unprimed coordinate 
system can be written as  
( ) kikkkii a eeeee =⋅′=′                        ( )3,2,1, =ki  (2 - 22)
In matrix notation, 
 



























































 (2 - 23)
where A denotes the 3×3 matrix whose elements aij are the direction cosines, for 
example, 1212 cosϕ=a  in Figure 2 - 1. 
The properties of the matrix A are  
TT AAIAA == −1or  (2 - 24)
where I is identity matrix; the superscript “-1” denotes the matrix inversion. 
A second-order tensor can be expressed in two different coordinate systems 
using the corresponding bases. In a primed system, it is expressed as 
nmmn eeΦ ′′′= ϕ  (2 - 25)
and in an unprimed system, 
jiij eeΦ ϕ=  (2 - 26)
Using Equation (2 - 22) yields 
nmnjmiij aa eeΦ ′′= ϕ  (2 - 27)
Therefore, comparing Equation (2 - 28) with (2 - 25) leads to 
njmiijmn aaϕϕ =′  (2 - 28)
or in matrix form 
TAAϕϕ =′  (2 - 29)
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In general, a 4th order tensor transformation is 
ijklploknjmimnop aaaa ϕϕ =′  (2 - 30)
In summary, any linear orthogonal transformations of the unprimed to the primed 
parameters in equations of motions (2 - 1), constitutive equations (2 - 3) and strain-
displacement relations(2 - 4), one has 
jiji xax =′  (2 - 31)
ρρ =′  (2 - 32)
jiji uau =′  (2 - 33)
ijnjmimn aa σσ =′  (2 - 34)
ijnjmimn aa εε =′  (2 - 35)
ijklploknjmimnop caaaac =′  (2 - 36)
where ( ) ( )zyxxxx ′′′=′′′ ,,,, 321  and ( ) ( )zyxxxx ,,,, 321 = . 
Use the composite laminate as an example to demonstrate the coordinate 
transformation. Assume that ( )zyx ′′′ ,,  denote the material coordinates and ( )zyx ,,  
denote the problem coordinates such that ( )zyx ′′′ ,,  is obtained from ( )zyx ,,  by 
rotating the x1x2-plane counter-clockwise by an angle θ about the shared x3-axis as 
shown in Figure 2 - 2. The relationship between the two coordinate systems is given 
from Equation (2 - 23) as 

















































 (2 - 37)
The relation of the stresses in two coordinate systems is from Equation (2 - 25) as 




































σ  (2 - 39)
θτθσθσσ 2sinsincos 22 xyyyxxxx ++=′  (2 - 40)
( ) θθσθθτθθστ sincossincossincos 22 yyxyxxxy +−+−=′  (2 - 41)
θτθττ sincos yzxzxz +=′  (2 - 42)
θτθσθσσ 2sincossin 22 xyyyxxyy −+=′  (2 - 43)
θτθσσ cossin yzxzyz +−=′  (2 - 44)
zzzz σσ =′  (2 - 45)
Therefore 



























































































 (2 - 46)
where 
θcos=m  and θsin=n  (2 - 47)
Equation (2 - 46) can be expressed as 
{ } { }σσ R=′  (2 - 48)
Similarly from Equation (2 - 35), the relation between the strains in two coordinate 
systems is 
{ } { }εε R=′  (2 - 49)
Substituting Equation (2 - 48) and (2 - 49) into (2 - 7) yields 
{ } { }εσ RCR ′= −1  (2 - 50)
Hence, the relation between the elastic stiffness matrices in two coordinate systems is 
RCRC ′= −1  (2 - 51)
2.6 Piezoelectric materials 
Piezoelectricity is an electro-deformation phenomenon derived from the Greek 
word ‘piezein’ for ‘press’, from which the term ‘pressure electricity’ is derived. The 
phenomenon first appeared in the scientific literature in 1880 when Pierre and Paul-
Jacques Curie published a paper, describing how various crystals developed electric 
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charges on their surface when they were mechanically deformed in certain directions. 
One year later, they discovered the converse effect whereby these crystals change their 
shape when they are subjected to an electric field.  
The unique characteristics of piezoelectric materials permit them to be employed 
as actuators or sensors which can be exploited in the synthesis of smart materials 
utilizing electric energy for the sensing, communication and actuation functions. By 
applying mechanical deformations to the piezoelectric materials, electric dipoles are 
generated and a potential difference develops, that is contingent upon the changing 
deformation. Hence, it must be noted that the electromotive force produced and 
associated current developed in piezoelectric materials is a function of the 
continuously changing mechanical deformation. 
2.6.1 Linear piezoelectric constitutive relations 
The manufacture of commercial piezoelectric materials involves exposing the 
material to high temperatures which imposing a high electric field intensity in a desired 
direction to create the piezoelectric properties. It is termed ‘poling’. Before completing 
the poling process, the piezoelectric material exhibits no piezoelectric properties, and it 
is isotropic because of the random orientation of the dipoles as shown in left figure of 
Figure 2 - 3. Upon developing a poling voltage in the direction of the poling axis in the 
right figure of Figure 2 - 3, the dipoles re-orientate and the cylinder elongates. 
In matrix notation the piezoelectric strain equations appear as 
p
CS EdσD ∈+=  (2 - 52)
p
TCE Edσsε +=  (2 - 53)
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where D is the electric displacement vector; d is the piezoelectric strain matrix; CS∈ is 
the permittivity matrix at constant mechanical stress; sCE is the compliance matrix at 
constant electric field strength; Ep is the electric field vector. 
Multiplying Equation (2 - 53) on the left with the stiffness matrix cCE at constant 
electric field strength, one has the piezoelectric stress equations in symbolic notation 
p
TCE Eeεcσ −=  (2 - 54)
where TCET dce =  or CEdce =  is the piezoelectric stress matrix.  
Substituting Equation (2 - 54) into (2 - 52) leads to  
p
S EeεD ∈+=  (2 - 55)
where TCECSS ddc−=∈∈ is the permittivity matrix at constant mechanical strain. It 
shows the relationship between the permittivity matrices at constant strain field and at 
constant stress field. 
2.6.2 Commonly used piezoelectric materials 
The piezoelectric materials have certain symmetries which allow for the 
approximate characterization of the materials as if it were a single crystal with the axis 
of symmetry along the direction of polarization. For example, PZT-2 and PZT-5H 
materials (PZT stands for Lead Titanate-Zirconate) are poled during manufacturing 
and are isotropic in the plane normal to the poling (or Z) axis. The piezoelectric strain 
and stress matrices are, respectively, of the form 















































e  (coulomb/m2) (2 - 57)
Their permittivity matrices have the same forms as for the hexagonal crystal 























 (farads/m) (2 - 58)
2.6.3 Direct piezoelectric effect 
Direct piezoelectric effect means that the piezoelectric materials become 
electrically polarized when they are strained. Consider the particular example of a 
rectangular parallelepiped that has been poled along its z axis with conducting 
electrodes on the upper and lower surface as shown in Figure 2 - 4. The parallelepiped 
is assumed to be completely free of external electric field (Ep = 0). If the parallelepiped 
has only three normal strains, (εxx, εyy, εzz ≠ 0 and γyz = γxz = γxy =0), the piezoelectric 
stress equation (2 - 55) produces the following non-zero electric displacement  
zzzyyzxxzz eeeD εεε 311 ++=   (2 - 59)
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The effect of polarization inside a piezoelectric material is to produce 
accumulations of the bound charges, Q, on the upper or lower electrodes. Plus charge 
locates on the lower electrode and minus on the upper electrode. 
ADQ z=   (2 - 60)
where A is the area of the upper or lower electrode. 
If the parallelepiped has only three shear strains, (εxx = εyy= εzz = 0 and γyz , γxz , γxy 
≠0), the piezoelectric stress equation (2 - 55) produces the following non-zero electric 
displacement  
xzxx eD γ5=   (2 - 61)
yzxy eD γ5=  (2 - 62)
Accordingly, the effect of polarization inside a piezoelectric material will 
produce accumulations of the bound charges as well on relevant electrodes.  
2.6.4 Converse piezoelectric effect 
Converse piezoelectric effect means that the piezoelectric materials become 
strained when placed in an electric field. Consider the particular example of a 
rectangular parallelepiped that has been poled along its z axis with conducting 
electrodes on either end. The parallelepiped is assumed to be completely free of 
mechanical stress (σ = 0) as shown in Figure 2 - 5. If an electric field is applied along 
the z-axis (Epz ≠ 0), the piezoelectric strain equations (2 - 52) and (2 - 53) produce the 
following non-zero strains and electric displacements: 



































zzz ED =∈  
If the electric field is applied along one of the lateral directions (say Epy ≠ 0 and 
Epx = Epz =0) with zero applied mechanical stress as shown in Figure 2 - 6, the non-
zero strains and electric displacements becomes 
pyxyz Ed 5=γ  and pyCSyyy ED =∈  
which corresponds to a shear deformation of the parallelepiped in planes perpendicular 
to the y axis.  
2.6.5 Basic relations of piezoelectric materials 
The full set of equations governing the elastic and electromagnetic effects of a 
piezoelectric material is given below. For the electromagnetic effects, there are 
Maxwell’s equations in SI units  
tp ∂
∂−=×∇ BE   (2 – 63)
ft
JDH +∂
∂=×∇   (2 – 64)
fρ=⋅∇ D   (2 – 65)
0=⋅∇ B   (2 – 66)




which plays a role in magnetostatics analogous to D in electrostatics. M is called the 
magnetization which plays a role analogous to the polarization P in the electrostatics. 
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M is equal to the magnetic dipole moment per unit volume. D allows one to write 
Gauss’s law in terms of the free charge while H permits one to express Ampere’s Law 
in terms of the free current alone. The constant µ 0 is called the permeability if free 
space, its value is 2
7
0 104 A
N−×= πµ . fρ  is the free volume charge density and Jf is 
free volume current density. 
Equations of motion (2 - 2) for the dynamic behavior of a linear elastic, generally 
anisotropic solid is also valid as the governing equations of motion in piezoelectric 
materials. Added to the equations of motion are the strain-displacement relations, 
Equation (2 - 4), as well as the piezoelectric strain or stress equations (constitutive 
equations), Equations (2 - 52) to (2 - 54). 
In a non piezoelectric material, the electromagnetic and acoustic solutions are 
completely independent of each other; but in the piezoelectric case, they are coupled 
together through the piezoelectric strain or stress equations. In all of the cases to be 
considered below in the thesis, the medium is assumed to be nonmagnetic. 
It is possible to eliminate the magnetic field, displacement electric field, and 
stress variables in favor of just the displacement and electric field. When this is done, 
the new equations governing the solid become the “coupled wave” equations. 




∂= mσL  (2 – 67)
where  
vm ρ=  (2 – 68)
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It is defined as the momentum density (kg/m2s); and the strain-displacement 




 (2 – 69)











∂ EeLvcσ  (2 – 70)







ρ  (2 – 71)
after use of Equation (2 – 68). 
The magnetic field is eliminated by taking the curl of Equation (2 – 63) with 




µ   













0µ   (2 – 72)
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The time derivative of D can be expressed in terms of Ep and v by means of 














0µ   (2 – 73)







∂=×∇×∇− EveLE µµ   (2 – 74)
Equations (2 – 71) and (2 – 74) constitute the coupled wave equations. 
These are general mathematical description of the coupled wave equations for v 
and Ep in piezoelectric materials. The coupled wave that reduces to a purely acoustic 
wave when the coupling goes to zero is called quasi-acoustic, and the other is called 
quasi-electromagnetic. In the quasi-static approximation quasi-electromagnetic waves 
are regarded as purely electromagnetic ones. 
It is found that the coupled waves are predominantly affected by the solenoidal 
electromagnetic fields in the piezoelectric materials. The electric field with a non-zero 
curl is called a rotational field ( )rpE , while the other is called a quasi-static (or 
irrotational) field ( )ipE . The quasi-static field can be represented as the gradient of a 
potential as 
( ) φ−∇=ipE   (2 – 75)
Therefore, the electric field is split into two parts 
( ) ( ) ( ) φ∇−=+= rpiprpp EEEE   (2 – 76)
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Auld (1990) stated that the effects of piezoelectric coupling between 
electromagnetic and acoustic uniform plane waves in unbounded media are completely 
negligible by the influence of the quasi-static electric field. Consequently, insignificant 
errors are introduced if the rotational (or electromagnetic) part of Ep is neglected in 
Equation (2 – 76). This is called the quasi-static approximation. Although this is not 
always true in the case of problem involving boundary conditions, the quasi-static 
approximation may be used in all but a very few cases. The approximation leads to a 














∂ φveL   (2 – 78)
These equations govern plane wave solutions that travel at velocities comparable 
to acoustic velocities. They can be derived in the following method. 
Usually, the linear piezoelectric description of solids using the quasi-static 
approximation involves combinations of the equations of motion:  
0=− σLU T&&ρ  (2 – 79)
and the charge equation of electrostatics in the absence of free charges from Equation 
(2 – 65).  
0=⋅∇ D  (2 – 80)
Substituting Equations (2 - 4), (2 - 55), (2 - 54) and (2 – 75) into (2 – 79), (2 – 
80) gives the governing equations of the piezoelectric structure in terms of the 
displacement U and the electrostatic potential φ as 
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UeLLUCL &&ρφ =∇+ TTCET  (2 – 81)
( ) 0=∇∈−⋅∇ φSeLU  (2 – 82)
2.7 Boundary conditions 
For scattering and radiation problems one must use either outgoing waves or 
decaying waves in the fluid. When potential functions having constant wave speeds are 
present, a Sommerfeld radiation condition applies, which can be written simply as 




∂   (2 - 83)
For boundaries between different materials, one has either continuity of stress 









i uu =   (2 - 85)











i nunu ⋅=⋅1   (2 - 87)
coupled with vanishing shear stress. 
If piezoelectric materials are in perfect contact and the quasi-static 
approximation is used, continuity of stress and displacement must be augmented by 
continuity of the electric displacements and potential at the interface: 






i DD =   (2 - 88)
21 mediamedia φφ =   (2 - 89)
2.8 Plane stress assumption 
A plane stress state is defined to be one in which all out-plane stresses are 
negligible. The constitutive equations have to be modified to account for the fact that 
0=== xzyzzz ττσ   (2 - 90)
As the zero out-plane shear stresses results in zero out-plane shear strains 













































 (2 – 91)
with yyxxzz SS σσε 2313 += . 











































 (2 – 92)









yEQ  (2 – 93)





yEQ ; xyGQ =66  (2 – 94)
For the plane stress case, the constitutive equations for a transverse isotropic 













































































































































 (2 – 96)
where ijQ  are the plane stress-reduced stiffness and ie3  are the plane stress-reduced 
































eSS +=∈∈  (2 – 98)
2.9 Plane strain assumption 
Assuming that the transverse load and material properties are independent on y-
axis for an infinite structure leads that the deformation U is function of only x and z, 
and v=0. Therefore, all derivatives with respect to y are zero. The constitutive 
equations have to be modified to account for the fact that 
0== xyyz ττ   (2 - 99)




0=yyε   (2 - 100)













































 (2 - 101)
For orthogonal materials, 2-dimensional constitutive relations (stress-strain), from 











































 (2 - 102)
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Figure 2 - 5 Strain when external electric field aligned with poling 
direction of piezoelectric plate 
 
Figure 2 - 6 Shear strain when external electric field transverse to  
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An exact method for wave interactions with infinite plates 
3.1  Introduction 
Passive treatment to reduce the sound reflection or scattering from an infinite 
plate-like structure involves the use of viscoelastic materials acting as dampers of 
acoustic/structural wave propagation. For instance, the effectiveness of compliant 
coating layers in reducing reflections from submerged structures has been noticed for a 
long time. Many mathematical and numerical models to investigate the effective 
impedance of such layers have been carried out. 
In this chapter, an exact method is proposed for sound transmission and 
reflection by an infinite compliant plate-like structure immersed in fluids, subjected to 
an incident plane wave. In this method, a matrix formulation for the submerged plate 
subject to a plane sound wave excitation, which can have a stack of arbitrary number 
of anisotropic or isotropic layers, is derived to obtain the transmission and reflection 
coefficients in the frequency domain. The coupling between the fluid and plate is taken 
into account in a rigorous manner. Several application examples are used to evaluate 
the effects of the thickness of coating layer and base plate, the mutual position of 
layers, and the damping loss factors on the sound transmission and reflection.  
3.2 Formulation 
An infinite compliant plate-like structure made of N layers of arbitrary 
anisotropic materials separates the upper fluid from the lower fluid. To maintain 
generality, upper and lower fluids may be different as in Figure 3 - 1. hn is the 




thickness of the nth layer. The origin of the individual local coordinate system is 
located on the bottom of each layer. θ  and ψ are the sound incident and azimuthal 
angles respectively. If the azimuthal angle ψ is zero, the incident sound wave 
insonifies the plate only in the x-z plane. All derivation below is based on the 
assumption of a zero azimuthal angle. The formulation can be extended to the sound 
incidence with a non-zero azimuthal angle through an appropriate coordinate 
transformation to the material properties of each layer as described in last paragraph of 
Section 3.4. 
When the nature of acoustic waves is considered in a highly idealized medium, 
water or air, the harmonic incident plane sound wave can be expressed as  
( )zkxkjinin zfxfepp 22 +−=  (3 - 1)
where inp  is the amplitude of the incident sound wave. θsin
22 fxf
k k=  and 
θcos
22 fzf
k k=  are the two components of 
2f
k that is wave number vector in the 
upper fluid. ω  is the angular frequency. .1−=j  The harmonic time factor tjωe  is 
recognized and omitted hereafter in derivations.  
In the water, sound propagation is actually affected by the factors as temperature, 
pressure, chemical composition, and details of the surface and bottom boundaries. In 
the idealized homogeneous medium, it is assumed that all such properties of the 
medium are constant throughout and the boundaries are sufficiently remote that may 
be ignored. All mechanical loss mechanisms such as viscous effects are assumed to be 
zero. Finally, the medium is assumed to be still before sound wave arrives.  




3.2.1 Basic equations for a layer in plate 
In order to simplify the formulation procedure, the following assumptions are 
introduced: (1) each layer lies in the x-y plane, (2) the interface between adjacent 
layers are perfectly bonded and (3) each layer has monoclinic properties if it is of 
anisotropy. 
Within a layer, the motion is governed by the wave equation. In the case of 
absence of body force, the governing differential equations is expressed for the layer 
of the plate as Equation (2 - 9) and rewritten as 
0=− CLULU T&&ρ  (3 - 2)
































TL  (3 - 3)
As discussed in Section 2.4, the effect of damping in materials is simulated by 
complex elastic modulus, viz., ( )eii jEE η+= 1*  and ( )gijij jGG η+= 1* , where eη  and 
gη  are the loss factors for Young’s and shear moduli, respectively. iE  and ijG  are 
Young’s and shear storage moduli without consideration of damping effect in ith and 
ijth directions, respectively.  
The operator matrix L in Equation (3 - 2) can be rewritten from Equation (3 - 3) 
as (Kausel, 1986) 






∂= LLL  (3 - 4) 
where Lx and Lz can de obtained by inspection. 








































































The stresses on a plane at a given z coordinate can be written as 
{ } CLULR TzTzzyzxz == σττ  (3 - 7)
3.2.2 Wave field in plate 
Consider a harmonic wave field in the layer, the solution for Equation (3 - 2) can 
be written in the form of 




)(e zkxkj zx −−= UU  (3 - 8)
where U  is the amplitude vector of the displacements, and kx and kz are the wave 
number in the layer with respect to directions x and z, respectively. The substitution of 
Equation (3 - 8) to (3 - 2), leads to the following equation 
0]2)[( 222 =−−− UDDDI zzzxzzxxxx kkkkωρ  (3 - 9)
where I is the 3×3 identity matrix. Equation (3 - 9) can be changed to be the following 
standard eigenvalue equation in term of kx (Dong, 1977). 





















ωρ  (3 - 10)
Equation (3 - 10) can be solved for given kx and ω, and the six eigenvalues and 
the corresponding eigenvectors are obtained. Generally, the six eigenvalues and their 
eigenvectors are complex. Using the eigenvalues λj and their eigenvectors xj, the 
displacement can be expressed as 
xjk
z
x-eUU =  (3 - 11)

















ii CC λλ xxU  (3 - 12)
where +iC and 
−
iC  are constants to be determined from the boundary conditions on the 
lower and upper boundaries of individual layer, and h is the thickness of the current 
layer under consideration. The superscript ‘+’ denotes waves propagating in the 




positive direction z (upward). The superscript ‘-’ denotes waves propagating in the 
negative direction z (downward). 
Equation (3 - 12) can be written in the matrix form 









EVEVCEVCEVU zzz  (3 - 13)
where 
{ }T321 CCC ++++ =C  , { }T321 CCC −−−− =C  (3 - 14)
{ }++++ = 321 xxxV ,  { }−−−− = 321 xxxV  (3 - 15)
( ) { }zjzjzjz +++=+ 321 eeeDiag λλλE  
( ) ( ) ( ) ( ){ }hzjhzjhzjz −−−− −−−= 321 eeeDiag λλλE  
(3 - 16)
Using equations (3 - 7) and (3 - 11), one can obtain 
xjk
z





















zD  (3 - 19)
Substituting Equation (3 - 13) to (3 - 18) results in 













EPEPR z  (3 - 20)
where 
+++ +−= 00 VDVDP zzzxjk  
−−− +−= 00 VDVDP zzzxjk  
(3 - 21)
{ }+++++++ = 3322110 xxxV λλλ jjj  
{ }−−−−−−− = 3322110 xxxV λλλ jjj  
(3 - 22)
3.2.3 Wave field in fluid 
There exist two kinds of plane sound waves in the upper fluid. One is the 
incident sound wave and the other is the sound wave reflected from the plate. The 
former can be expressed as Equation (3 - 1) and the latter as  
( )zkxkjrere zfxfpp 22e −−=  (3 - 23)
where rep  is the amplitude of the reflected plane wave. 
The particle velocities caused by the incident and reflected waves are in the 






















Considering the boundary conditions in the upper fluid, the fluid is assumed to 
go to infinity in the positive z direction. The radiation condition, which states that 
waves are up going towards infinity, must therefore be satisfied.  
Similarly, there exists only a plane sound wave in the lower fluid, assuming that 
the fluid goes to infinity in the negative z direction as well. The transmitted plane wave 
can be expressed as 








ωρ−=  (3 - 26)
where trp  is the amplitude of the transmitted plane wave, 
1zf
k  is the z-direction 
component of the wave number vector 
1f
k , and 
1f
ρ  density in the lower fluid. 
3.2.4 Interaction between plate and fluid 
Based on the Snell’s law, the x components of the wave vectors of all the 
incident, reflected and transmitted waves should be equal. The fluids are assumed to be 
isotropic, non-viscous and have no resistance to shear deformation. Therefore, 
continuity of velocities and stresses requires ω and kx to be same in all layers and in 
both upper and lower fluids. Three coupling and boundary conditions are 








n 11 , ++ == UURR , ( )11 −≤≤ Nn  (3 - 27)
where the subscript “U” and “L” stand for the upper and lower surface of the layer, 
respectively. 




2). At the interface between the upper fluid and the plate 
( ) ( ) 00ppvvw U NyzU NxzreinU NzzrezinzUN ==+−=+= ,,, ,,, ττσ&  (3 - 28)
where UNw&  is the structural vibration velocity in z direction on the upper surface of 
layer N. 
3). At the interface between the lower fluid and the plate 
0,0,, 1,1,1,1 ==−== LyzLxztrLzztrzL pvw ττσ&  (3 - 29)
where Lw1&  is the structural vibration velocity in z direction on the lower surface of 
layer 1. 
Satisfaction of Equations (3 - 27), (3 - 28) and (3 - 29) leads to 
333 LCP =  (3 - 30)
where  
{ }TNinp 163 20...00 ×−=L  (3 - 31)
and C3 consists of the constant vector for all the layers. 
{ }TNNN 1622113 ... ×−+−+−+= CCCCCCC  (3 - 32)
There exist six dependent equations at each internal interface between the layers 
based on the continuity conditions. At the lowermost or uppermost surface of the plate 
are there three independent equations. Therefore, there are totally 6×N equations for N 
layers. 
The matrix P3 is given by 




































































{ }nnnnnn hjhjhjUn +++=+ ,3,2,1 eeeDiag λλλE  
{ }nnnnnn hjhjhjLn −−−=− ,3,2,1 eeeDiag λλλE  
(3 - 34)
+
ni,λ  and −ni,λ  are upward and downward eigenvalues at layer n. ( )3,2,1=i , 





































































Q  (3 - 37)




























Q  (3 - 38)
in which +ijnP , , 
−
ijnP , , 
+
ijnV ,  and 
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nV  and 
−
nV  














r ωρ=  
(3 - 39)
Solving Equation (3 - 30), the vector C3 can be obtained. Therefore, the 
displacements and stresses in each layer can be obtained by Equations (3 - 11) and (3 - 
17).  
The reflected sound pressure in the upper fluid can be obtained by the normal 














ωρβ +==  (3 - 40)
The transmitted pressure in the lower fluid can also be obtained by the normal 













&ωρβ −==  (3 - 41)




When the plane wave reflection and transmission coefficients are indicated in 
dB, they are measured as reβ10log20  and ( )tβ1log20 10 , respectively. The latter is also 
called transmission loss of the plate. 
It is noted that the appropriate coordinate transformation is needed if the incident 
sound wave has an azimuthal angle ψ with respect to plane x-z. The ply orientation of 
all anisotropic layers should be added to the azimuthal angle ψ.  
3.3  Application examples 
The formulation above is applied for some application examples in order to 
analyse sound transmission and reflection of compliant plate-like structures by a plane 
sound wave excitation. The three configurations are shown in Figure 3 - 2 and Figure 3 
- 3. Unless otherwise specified, the geometrical parameters are listed in Table 3 - 1. 
The results are considered for the frequency range of 0 to 50 kHz, which is typical for 
the underwater acoustic applications. Default values of angles of incidence are taken as 
o30=θ  and o0=ϕ . 
First, bi-layer plates consisting of a base plate and a coating layer (above and 
below the base plate respectively) are studied. The effect of geometrical combinations 
and thickness variations of these two layers on the acoustic performance is 
investigated. Second, the sandwich plates with two different soft fillers are evaluated. 
Filler A is of isotropy and filler B is of anisotropy. 
Figure 3 - 4 shows the sound transmission and reflection of the structure with the 
thickness variance of coating layer. Parameter hc = 0 in Figure 3 - 4 to Figure 3 - 7 
means that the coating layer does not exist. The upper fluid is water and the lower is 
air. The effect of impedance mismatch due to air below causes the full sound reflection 




even when no coating layer exists. The external-coating layer attached on to the base 
plate increases transmission loss and decreases sound reflection coefficient of the 
structure effectively. The compliant structure will have more than 4 dB reduction of 
reflection coefficient in high frequency range (20 kHz above) when covered with an 
elastomer layer of 5 mm thickness. With the increase of thickness of coating layer, the 
reduction effect of sound reflection coefficient shifts to the lower frequency range. 
However, the reduction effect will become worse with the thickness increase in the 
high frequency. A 100 mm thick elastomer layer attached onto the top surface of the 
base plate will decrease the sound reflection by an average amount of 6 dB in the 
frequency range above 10 kHz.  
Surface-attached coating layers are susceptible to damage inflicted by contact 
with surrounding objects. Hence, the structure with a coating layer below the base 
plate is also considered as shown in Figure 3 - 5. The reduction of reflection 
coefficient is less than 0.7 dB, much smaller compared to the structure with a coating 
layer above the base plate. Meanwhile, the transmission loss is also less than one when 
coating layer faces the incident sound directly. 
The effects of thickness change of the base plate on sound transmission and 
reflection coefficient are shown in Figure 3 - 6. Except two cases, very thick base plate 
(hp=100 mm) and no base plate at all, varying thickness of base plate does not affect 
the reduction of reflection coefficient obviously in most of frequency range. The 
transmission loss of compliant structure will be benefited from the increase of 
thickness of base plate. It can be explained by the mass law. 
When the coating layer attached to the lower surface of base plate, the thickness 
change of base plate almost does not affect the reflection coefficient except very thick 




base plate and no base plate. The results are shown in Figure 3 - 7. It is noted that 
transmission loss for hp=100 mm decreases when the frequency is increased in Figure 
3 - 6 and Figure 3 - 7. This is because the critical frequency of the structure starts to 
shift towards the analysis frequency range 0 ~ 50 kHz when thickness of the base plate 
reaches 100 mm. 
The effect of upper and lower fluid on sound transmission loss and reflection 
coefficient is shown in Figure 3 - 8. When air is on the incidence side, the sound 
reflection coefficient is same regardless of what kind of fluid existing in the other side 
of the base plate. The impedance mismatch of air and compliant structure determines 
the almost full reflection characteristic. It corresponds to the sound incidence on to a 
“hard” boundary. However, the transmission loss for the case “air to water” differs 
obviously with one for the case “air to air”. The strong coupling between compliant 
structure and lower fluid reduces the transmission loss of the compliant structure. 
When water is on the incidence side, the reflection coefficients tend to be same 
in the high frequency but differ in the low frequency range. The case “water to water” 
has a big reduction of reflection coefficient in the low frequency. 
The results in Figure 3 - 8 also shows that the selected coating layer attached on 
to a base plate does not function to reduce the sound reflection when air is on the 
incidence side. It works only when water is on the incidence side, i.e., in the case of 
“water to air”. 
It is worth to note that the coating cover comes into effect only when it has a 
non-zero loss factor. The loss factor of coating layer plays an important role in 
reducing sound reflection and sound transmission as shown in Figure 3 - 9. A 
maximum loss factor may not result in a maximum reduction of sound reflection in a 




whole frequency range. It means that there exists an optimum loss factor in a desired 
frequency range for a given structure. The “peaks” in the transmission loss curves in 
Figure 3 - 9 correspond to the shear waveguide behaviour in the coating cover. The 
increase of the coating damping loss will result in the reduction of the amplitudes of 
these “peaks”. 
Figure 3 - 10 introduces a sandwich plate with that two surface plates sandwich 
the coating layer as filler. The sandwich plate can protect the coating layer from 
damage. Compared to Figure 3 - 5, sandwich plate has a bigger reduction of sound 
reflection. Figure 3 - 10 also indicates that a big loss factor of the filler may not result 
in a big reduction of sound reflection in a whole frequency range. The damping effect 
can smooth the transmission curve obviously. That means the damping of filler may 
affect the transmission loss in the coincidence region where acoustic wavenumber in 
the upper fluid is equal to either shear or longitudinal resonant wavenumber of the 
elastomer filler. 
It is known that the azimuthal angle of incidence ψ has no effect on the sound 
transmission and reflection for structures with isotropic properties. However, the angle 
ψ has effect on the sound transmission and reflection for structures with anisotropic 
properties. Figure 3 - 11 shows the effect of azimuthal angle on the sound transmission 
and reflection of the sandwich plate with filler B (anisotropic properties). This is 
because there are large differences in the Young’s modulus in direction of x and y.  
Finally, one more example (case 3 in Table 3 - 1) is used for comparison 
purpose. The theoretical results by Skelton E A (1992) and the results calculated using 
the exact method presented in this chapter are shown in Figure 3 - 12. A good 




agreement is observed. It proves that the method presented can be applied to carry out 
acoustic analysis for both isotropic and anisotropic laminates. 
3.4  Remarks 
An exact method is proposed to solve the incoming plane wave interactions with 
an infinite multilayered composite structure. The transmission and reflection 
coefficients from an infinite compliant plate-like structure submerged in the fluids are 
investigated using the method. In the formulation, the coupling between the fluid and 
laminate is taken into account in a rigorous manner. And the damping effects are 
included in the standard complex modulus way.  
With the formulation presented, the sound transmission and reflection by a two-
layer plate and a sandwich plate are calculated. From these application examples, the 
following conclusions can be drawn. The method can be widely applied to study and 
evaluate the acoustic properties of both isotropic and anisotropic multilayer structures. 
It can be extended to carry out the dynamic response of elastic coating excited by the 
plane sound waves and to optimize the structure design to achieve acoustic properties. 
The reduction of reflection coefficient is sensitive to the existence of coating 
layer. The compliant structure with coating layer facing incident sound has a better 
reduction effect on sound reflection coefficient than coating layer facing non-incidence 
side. The increase of coating thickness will improve the reduction effect in low 
frequency range but will sacrifice the effect in the given higher frequency range. The 
thickness change of bas plate has little effect on the reflection coefficient.  
















Figure 3 - 1 A sketch of physical model of a multilayered anisotropic 



























2b.  A plate with a coating below 
 






























a). Transmission Loss 
 
b). Reflection coefficients 
 
 
(hp=0.01 m, water-air) 
 
Figure 3 - 4 Transmission loss and reflection coefficients of the plates with a 
coating above when thickness of the coating changes 
 





a). Transmission Loss 
 
b). Reflection coefficients 
 
(hp=0.01m, water-air) 
Figure 3 - 5 Transmission loss and reflection coefficients of the plates with 
a coating below when thickness of the coating changes 





a). Transmission Loss 
 
b). Reflection coefficients 
 
(hc=0.01m, water-air) 
Figure 3 - 6 Transmission loss and reflection coefficients of the plates with a 
coating above when thickness of the base plate changes 





a). Transmission Loss 
 
b). Reflection coefficients 
(hc=0.01m, water-air) 
 
Figure 3 - 7 Transmission loss and reflection coefficients of the plates with 
a coating below when thickness of the base plate changes 





(a) Transmission loss 
 
(b) Reflection coefficients 
 
(hc = hp =0.01m) 
Figure 3 - 8  Transmission loss and reflection coefficients of the plates with a 
coating above when fluids change 





(a) Transmission loss 
 
(b) Reflection coefficients 
(hc = hp =0.01m, water ~ air) 
 
Figure 3 - 9  Transmission loss and reflection coefficients of the plates with a 
coating above when loss factor of coating changes  





(a) Transmission loss 
 
(b) Reflection coefficients 
(water ~ air & incident angle =50°) 
 
Figure 3 - 10 Transmission loss and reflection coefficients of a 
sandwiched plate with different loss factors of filler A 
 





(a) Transmission loss 
 
(b) Reflection coefficients 
 
(water ~ air & incident angle =50°) 
Figure 3 - 11 Transmission loss and reflection coefficients of a sandwich plate 
when azimuthal angle changes (filler B) 















3-12a Reflection coefficients 3.12b Transmission loss 
 
Dotted line : isotropic filler with incident angle θ=45° 
Solid-line : anisotropic filler with incident angle θ=45° 
Circles and stars: the results calculated by Skelton E.A. (1992) 
 
Figure 3 - 12 Transmission loss and reflection coefficients of a sandwich plate 
for case 3 in Table 3-1 
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Chapter 4 
An exact method for wave interactions with an infinite bi-
layer piezoelectric plate 
4.1 Introduction 
Piezoelectric materials can transform mechanical energy into electric energy and 
vice versa as described in Chapter 2. The direct piezoelectric effect makes them suited 
as sensors, while the converse piezoelectric effect allows them suited as actuators. Due 
to the properties together with their small size and weight, the piezoelectric materials 
can be applied to construct smart structures for active sound and vibration control. 
Common practices are to use piezoelectric ceramics of lead zirconate titanate (PZT) 
compositions for sensor and actuator applications in smart structures. The 
piezoelectric material is even used to cancel reflected acoustic wave as an acoustic 
coating.  
In this chapter, Kraut’s formulation is adopted. The second-order ordinary 
differential equation is transformed to first-order ordinary differential equation. The 
concept of the surface impedance matrices relating the “generalized displacement” 
vector and the “generalized traction” vector is used at the normal plane of the layer.  
4.2 Governing equations for an infinite bi-layer plate  
Bi-layer piezoelectric enabled plate is shown in Figure 4 - 1. The upper layer is 
an elastic layer with thickness he, and the lower layer is a piezoelectric layer with 
thickness hp. 
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Several assumptions are applied in the following analysis:  
(1) Physical properties of the bonding materials in the bi-layer structure are 
negligible; 
(2) The electrodes with negligible physical properties are perfectly 
conductive. 
4.2.1 Formulations for an elastic layer 
From Equations (2-101) to (2-103), the governing equations of motion for a 2D 








































∂ ρ  (4 - 2)
4.2.2 Formulations for a piezoelectric layer 
Using the quasi-static approximations and assuming plane strain conditions, the 
governing equations of motion in the piezoelectric layer are, from Equations (2 - 79) 













































 (4 - 3)
0=⋅∇ D  (4 - 4)
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Using the relations of stress-strain-displacements, the above governing equations 
of motion and the charge equation can be expressed with respect to the displacement 
and electric potential as 












































































∂+ φφ  (4 - 7)
4.3 Wave interactions with a bi-layer piezoelectric enabled plate 
4.3.1 Surface impedance matrix for elastic layer  
To take into account of wave interactions at the interface between the structure 
and fluid, as well as at the interfaces of elastic and piezoelectric layers in the structure, 
the state vector is defined for the continuity boundary conditions. 
They are four parameters, zzxzwu στ  and,,, , which are needed to be included in 
the state vector at the interface for elastic layer. From the constitutive equations, 















∂= 3313σ  (4 - 9)
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 (4 - 12)
The four time and space dependant parameters can be expressed as 
( ) ( ) xjk xetzutzxu −= ,,,  (4 - 13)
( ) ( ) xjk xetzwtzxw −= ,,,  (4 - 14)
( ) ( ) xjkzzzz xetztzx −= ,,, σσ  (4 - 15)
( ) ( ) xjkzxzx xetztzx −= ,,, ττ  (4 - 16)






































































ωρσρτ  (4 - 20)
Substituting Equation (4 - 17) into (4 - 20) leads to 
( )[ ] zzxxexz ccjkukcccz σωρτ 133132133213112 −− +−+−=∂∂  (4 - 21)
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A first-order governing equation for the elastic layer can be obtained with 
{ }Txzzze wu τσ=ξ  (4 - 22)





















































M  (4 - 26)
The eigenvalues and eigen matrices consisting of the eigenvectors of ehM  of an 
elastic layer can be obtained. In order to have the surface impedance matrix on a 

















S  (4 - 28)
The state vector eξ  in Equation (4 - 22) is rearranged as enξ  
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 (4 - 29)
Following the same concept in Chapter 3, the field variables are separated into 

































































e  (4 - 31)




eA , and 
−
eL  are the sorted upward and downward eigenvectors of the 
displacements and tractions of the matrix ehM  from Equation (4 - 30), respectively. C1 
and C2 are constant vectors to be determined based on the continuity conditions on the 
upper or lower surfaces of the elastic layer. 

















E  (4 - 32)
and 

















E  (4 - 33)
The “upward” eigenvalues are those for which Im(λi) < 0 or Re(λi) > 0 when 
Im(λi) = 0 , i=1 and 2. 
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Equation (4 - 31) leads to 
21 CEACEAU
−−++ += eeeee  (4 - 34)
and 
21 CELCELS
−−++ += eeeee  (4 - 35)
The surface impedance matrix, eIM , is defined as eee UIMS = , which relates 
the traction vector to the displacement vector on a surface. Assuming that the surface 
impedance matrix is LeIM  on the lower surface of the layer as shown in Figure 4 - 2, 
the surface impedance matrix is eIM  at any height z of the elastic layer is 
( ) ( )[ ] ( )[ ] 1221 −++= IHZHZIM zzz eeeee  (4 - 36)
where 
( ) 11 −++= eee ALZ  (4 - 37)
( ) 12 −−−= eee ALZ  (4 - 38)
( ) ( ) ( )[ ] 121 −= zzz eLeee WRWH  (4 - 39)
( ) ( )( ) 11 −+++= eeee zz AEAW  (4 - 40)
( ) ( )( ) 12 −−−−= eeee zz AEAW  (4 - 41)
( ) ( )211 eLeLeeLe ZIMIMZR −−= −  (4 - 42)
I2 is the identity matrix of order 2.  
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4.3.2 Surface impedance matrix for piezoelectric layer  
Similar to treatment for elastic layer, six parameters, φστ and,,,, zzzxz Dwu , 
are needed to be included in the state vector at the interface for piezoelectric layer.  
From the piezoelectric stress equations (2-94) and (2-95) as well as basic strain-


































































The two equations (4 - 44) and (4 - 45) can be expressed in the matrix form as 

















φ  (4 - 48)
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PppPp  (4 - 50)












 (4 - 51)







∂  (4 - 52)




















∂ φ  (4 - 53)


















∂ φτ  (4 - 54)
So from Equation (4 - 52), one has 
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∂ φτ  (4 - 55)
From Equations (4 - 47), (4 - 51), (4 - 55), (4 - 50) and (4 - 48), the fundamental 







 (4 - 56)
where 


































































 (4 - 60)
Because the incident plane wave and applied voltage are time and space 
dependant, all field variables are written explicitly of the form 
( ) ( ) xjk xetzutzxu −= ,,,  (4 - 61)
( ) ( ) xjk xetzwtzxw −= ,,,  (4 - 62)
( ) ( ) xjkzz xetzDtzxD −= ,,,  (4 - 63)
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( ) ( ) xjkzzzz xetztzx −= ,,, σσ  (4 - 64)
( ) ( ) xjkzxzx xetztzx −= ,,, ττ  (4 - 65)
( ) ( ) xjk xetztzx −= ,,, φφ  (4 - 66)
where ( )θsin2fx kk =  is the “horizontal” wave number. 
The amplitude of the state of vector pξ  is expressed as 
{ }Txzzzzp wDu φτσ=ξ  (4 - 67)
Substituting Equations (4 - 61) ~ (4 - 66) into the first order ordinary differential 














































































 (4 - 71)
Assuming that the eigen-values and the eigen-matrix consisting of eigenvectors 
of phM  is λi and V, respectively, results in  
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E  (4 - 73)
C1 and C2 are the unknown coefficient vectors to be determined by the boundary 
condition at the upper and lower surfaces of the layer. 
Furthermore, adopted is the concept of the surface impedance matrices relating 
the “generalized displacement” vector and the “generalized traction” vector at the 





























p zS  (4 - 75)
It is, therefore, needed to rearrange the state of vector pξ  in Equation (4 - 67) as 
pnξ  
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 (4 - 76)


































pn  (4 - 77)
where pT  is the conversion matrix. Its sub-matrices 1pT  and 2pT  can be obtained via 
inspection from Equation (4 - 76). 
Combination of the conversion matrix pT  and eigenvector matrix V in Equation 



































pn  (4 - 78)
The surface impedance matrix, pIM , is defined as ppp UIMS = , which relates 
the generalized stress vector to the generalized displacement vector on a surface. 
Assume that the lower surface of a piezoelectric layer is characterized by the surface 
impedance matrix LpIM  as shown in Figure 4 - 3. The surface impedance at a given 
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pL  are the sorted upward and downward eigenvectors of the 






























































E  (4 - 81)
The “upward” eigenvalues are those for which Im(λi) < 0 or Re(λi) > 0 when Im(λi) = 
0 , i=1, 2 and 3. 
Equation (4 - 79) leads to 
21 CEACEAU
−−++ += ppppp  (4 - 82)
and 
21 CELCELS
−−++ += ppppp  (4 - 83)
On the lower surface of the piezoelectric layer, z = 0 
21 CACAU
−+ += ppLp  (4 - 84)
and 
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p UIMS =  at the lower surface of the layer can help to determine 
the constant 1C  or 2C  in favor of the other in Equations (4 - 82) and (4 - 83).  
( ) 211 CARAC −−+= pLpp  (4 - 86)
where  
( ) ( )211 pLpLppLp ZIMIMZR −−= −  (4 - 87)
( ) 11 −++= ppp ALZ  (4 - 88)
( ) 12 −−−= ppp ALZ  (4 - 89)
Substituting C1 into Equations (4 - 82) and (4 - 83) yields 
( )[ ] 21 CEAARAEAU −−−−+++ += pppLppppp  
and 
( )[ ] 21 CELARAELS −−−−+++ += pppLppppp  
At any z in the piezoelectric layer, one has 
( ) ( ) ( )zzz ppp UIMS =  (4 - 90)
where 
( ) ( )[ ] ( )[ ] 1321 −++= IHZHZIM zzz ppppp  (4 - 91)
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( ) ( ) ( )[ ] 121 −= zzz pLppp WRWH  (4 - 92)
( ) ( )( ) 11 −+++= pppp zz AEAW  (4 - 93)
( ) ( )( ) 12 −−−−= pppp zz AEAW  (4 - 94)
where I3 is the identity matrix of order 3. 
The surface impedance matrix on the upper surface of the piezoelectric layer z = 
hp is 
( ) ( )[ ] ( )[ ] 1321 −++= IHZHZIM pppppppUp hhh  (4 - 95)
4.3.3 Boundary conditions  
4.3.3.1 Boundary conditions between the elastic layer and the upper fluid 
Same as in Chapter 3, the normal particle displacement of the fluid and the 
structural displacement at the interface between structure and the upper fluid must be 
continuous. The shear stress of the structure at the interface must vanish, and the 
















Z =  (4 - 96)
0=Uezxτ  (4 - 97)
( )inreUezz pp +−=σ  (4 - 98)
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4.3.3.2 Boundary conditions between the elastic and piezoelectric layers  
At the interface between the piezoelectric layer and elastic layer, z = hp, the 
electric field variables must be split off from the state variable vector of the 
piezoelectric layer in order to impose continuity conditions. Hence, the generalized 
displacements, tractions and surface impedance tensor matrix for piezoelectric layer in 
Equation (4 - 90) are reorganized at the interface as 


























φ  (4 - 99)
where ( ) { } phzTzzxzpp h == στs  and ( ) { } phzTpp wuh ==u . 
By applying the interface condition on the voltage potential, ϕφ =U  at z = hp, 
variable zD  can be eliminated from Equation (4 - 99) to result in  
( ) ( ) ( ) ( )ϕpppppppp hhhh Fuims +=  (4 - 100)
where  
( ) ( ) ( ) ( )[ ] ( )pppppppppp hhhhh 211221211 IMIMIMIMim −−=  (4 - 101)
which depends on the surface impedance matrix on the lower surface of the 
piezoelectric layer. 
( ) ( ) ( )[ ] 12212 −= pppppp hhh IMIMF  (4 - 102)
The continuity condition of displacements and tensions at the interface of the elastic 
and piezoelectric layers leads to 
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e sS =  (4 - 104)
Due to last term in Equation (4 - 100) related to electric potential, the explicit 
expression of the surface impedance matrix at the interface of the piezoelectric and 
elastic layer cannot be obtained. In other words, the impedance matrix LeIM  in 
Equation (4 - 42) cannot be expressed directly. Hence, the impedance matrix of the 
elastic layer coupled with piezoelectric layer needs to be rebuilt to accommodate the 
continuity boundary.  
At the interface of the piezoelectric and elastic layers, z = hp, Equations (4 - 34) 
and (4 - 35) leads to 
( ) 21 CACAU −+ += eepLe h  (4 - 105)
and 
( ) 21 CLCLS −+ += eepLe h  (4 - 106)
From Equations (4 - 100), (4 - 103) and (4 - 104), one has 
( )( ) ϕpeeppee h FCACAimCLCL ++=+ −+−+ 2121  (4 - 107)
Therefore 
( ) ( )[ ] ( )ϕppeppeepee hh FAimLCARAC 1211 −++−−+ −+=  (4 - 108)
where 
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( )[ ] ( )[ ]211 eppppepe hh ZimimZR −−= −  (4 - 109)
The Equation (4 - 109) can be obtained by substitution of ( )pp him  into Equation (4 - 
42). 
Substituting Equation (4 - 107) into Equations (4 - 34) and (4 - 35) leads to 
( ) ( )[ ] ( )[ ] ( )ϕppeppeeeeeepeeeee hhz FAimLEACEAARAEAU 121 −++++−−−−+++ −++=  (4 - 110) 
( ) ( )[ ] ( )[ ] ( )ϕppeppeeeeeepeeeee hhz FAimLELCELARAELS 121 −++++−−−−+++ −++=  (4 - 111) 
Substituting Equation (4 - 110) into (4 - 111) via 2C  leads to 
( ) ( ) ( ) ( )[ ] ( ) ( )[ ] ( )ϕppppeeeepee hhzzzzz FimZWIMZUIMS e1 1111 −−−+=  (4 - 112)
or 
( ) ( ) ( ) ( )ϕzzzz peepee 21 IMUIMS +=  (4 - 113)
where 
( ) ( )[ ] ( )[ ] 1211 −++= IHZHZIM zzz eeeepe  (4 - 114)
( ) ( ) ( )[ ] 121 −= zzz epeee WRWH  (4 - 115)
( ) ( )[ ] ( ) ( )[ ] ( )ppppeeepe hhzzz FimZWIMZIM e1 1112 −−−=  (4 - 116)
Equation (4 - 113) relates the surface impedance matrix at any given height, z, in 
the elastic layer to the electric potential applied onto the piezoelectric layer as well as 
the implicit impedance matrix at the lower surface of the piezoelectric layer. 
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4.3.4 Sound wave incidence onto a bottom-free bi-layer plate 
For simplicity, the boundary free condition is assumed on the lower surface of 
the piezoelectric layer (z = 0), i.e., LpIM  in Equation (4 - 87) is zero. The boundary 
conditions between the elastic layer and upper fluid as Equations (4 - 96) to (4 - 98) 
lead to 

















IMIM  (4 - 117)
The relation among the amplitudes of incident and reflected wave and the 
































where ijpeIM ,1  is the ij
th element of surface impedance matrix 1peIM . 
The first term in Equation (4-118) represents the plane sound wave reflected 
from the bi-layer bottom-free piezoelectric plate subject to an incident plane wave. The 
second term gives the plane sound wave radiated from the bi-layer bottom free plate 
subject to an electric potential applied across the piezoelectric layer. The electric 
potential needed to fully cancel the sound reflection from the plate can also be 
obtained if rep  is set to zero. 
Again, the displacement of the elastic layer at the upper interface in x direction 
can be obtained as 
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4.4 Distribution of displacement and traction 
4.4.1 Distribution of displacement and traction in elastic layer 




























21 ee TT  (4 - 122)












1211  (4 - 123)





∂  (4 - 124)
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∂  (4 - 125)
Substituting Equation (4 – 103) into (4 – 118) and (4 – 119) leads to 
( )[ ] ( ) ( )ϕzzz
z peeheeeheh
e IMMTUIMMTMTU 121211 ++=∂
∂  (4 - 126)
and 






∂  (4 - 127)
The problem of obtaining the distribution of displacement and traction in the 
elastic layer becomes to solve initial value problems for ordinary differential Equations 
(4 - 126) and (4 - 127).  
The interval of integration is from the upper interface (z = hp + he) to the lower 
interface (z = hp) of the elastic layer. The initial condition refers to the boundary 
continuity condition at the top interface.  
4.4.2 Distribution of displacement and traction in piezoelectric layer 






∂ −1  (4 - 128)
where the expressions of conversion matrix pT  is shown in Equation (4 - 76). 
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1211  (4 - 129)

















 (4 - 131)
Substituting Equation (4 - 90) into Equations (4 - 130) and (4 - 131) leads to 






 (4 - 132)
and 







∂ −  (4 - 133)
Therefore, the problem of obtaining the distribution of general displacement and 
traction in the piezoelectric layer becomes to solve initial value problems for ordinary 
differential Equations (4 - 132) and (4 - 133). 
The interval of integration is from the upper interface (z = hp) to lower interface 
(z = 0). The initial condition refers to the boundary continuity condition at the top 
interface of the piezoelectric layer.  
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4.5 Application examples  
4.5.1 Sound reflections and radiation 
The sound reflection and radiation properties of the bi-layer bottom boundary-
free piezoelectric plate as in Figure 4 - 1 are investigated versus the incidence angles 
from 1° to 89° at four selected frequencies, 500, 2k, 10k and 50k Hz, respectively. The 
material and geometrical properties of two layers are listed in Table 4 - 1 and Table 4 - 
2.  
In Figure 4 - 4 to Figure 4 - 12, the amplitude of the variable is plotted in solid 
line with y-axis labeling on the left. The phase of the variable is plotted in the solid 
circle line with y-axis labeling on the right. 
Figure 4 - 4 shows that the sound wave is fully reflected from the plate in all the 
incidence angles of plane wave and four frequencies. Figure 4 - 5 shows the relation 
between the radiated plane wave driven by a unit electric potential and the radiation 
directions. 
It is seen from Figure 4 - 5 that  
(1) The plate driven by a unit electric potential radiates the plane sound wave more 
effectively at higher frequencies than at lower frequencies, except some radiation 
direction angles; 
(2) The plate driven by an electric potential cannot radiate plane sound wave 
effectively in two directions, around 10° and 22° with respect to the normal 
direction of the plate. 
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(3) More electric potential is, generally, needed to cancel the sound reflection 
subject to a normal sound incidence than an oblique sound incidence.  
The curves indicate the wave coupling strength between the elastic layer and 
piezoelectric layer. If the strong coupling between the two layers exists, more sound 
wave can be generated by the unit electric potential applied across the piezoelectric 
layer. It can be deduced from Figure 4 - 5 that with the increase of the incidence angle, 
less electric potential is needed to cancel the sound reflection subject to unit incident 
plane wave. 
Referring to the two valleys around 10° and 22°, higher electric potentials are 
needed to cancel the sound reflection at these corresponding angles as shown in Figure 
4 - 6. 
4.5.2 Effects of the thickness ratios on active sound control 
It is investigated that the effect of the ratios of the elastic layer thickness to the 
piezoelectric layer thickness onto the electric potential needed to fully cancel plane 
sound wave reflection from the plate at selected frequencies and incidence angles, 
listed in Table 4 - 3. The results are shown in Figure 4 - 7 to Figure 4 - 11. 
Figure 4 - 7 shows that the electric potential needed to fully cancel the sound 
reflection increases with the thickness ratio increase when the plate is subject to the 
normal plane wave incidence. It means that the thicker piezoelectric player, the less 
electric potential.  
The relation of the electric potentials to the thickness ratios at two incidence 
angles 10° and 22° is shown in Figure 4 - 8 and Figure 4 - 9. A maximum electric 
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potential is observed for the first three frequencies almost at the same thickness ratio 
(2.6) at incidence angle 10° in Figure 4 - 8 and at the same thickness ratio (2.5) at 
incidence angle 22° in Figure 4 - 9. Before the thickness ratio reaches 2.6, as an 
example, the electric potential increases with the thickness ratio. After that, the electric 
potential decrease with the thickness ratio increase. With the further increase of the 
frequency, the position of the maximum electric potential along the axis of thickness 
ratio shifts to left side in Figure 4 - 8 and to right side in Figure 4 - 9. 
Figure 4 - 10 and Figure 4 - 11 show that the electric potential decrease with the 
thickness ratio when the incidence angle of sound wave is larger than 22°. Figure 4 - 
10d and Figure 4 - 11d demonstrate that there exists a minimum electric potential at 
higher frequencies at one thickness ratio. Over this thickness ratio, the electric 
potential increases again with the thickness ratio. 
4.5.3 Sound cancellation properties 
The sound cancellation properties of the bi-layer bottom-free piezoelectric plate 
are investigated versus the sound wave frequencies from 500 to 50k Hz at five selected 
incidence angles, 1°, 10°, 22°, 45° and 68°. The thickness ratio of the bi-layer is 2.5. 
Figure 4 - 12 shows that the electric potential needed for zero reflection decreases with 
the frequency at the incidence angles, θ = 1°, and θ = 45°. At the incidence angle θ = 
68°, the electric potential decreases with the frequency till it reaches a minimum at a 
frequency. After that, the electric potential increases with the frequency slightly. At the 
two critic angles, 10° and 22°, of the bi-layer as showing in Figure 4 - 5 and Figure 4 - 
6, the value of electric potential increases dramatically because of sound radiation 
deficiency at these two critic angles. The relation between the electric potential and 
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frequency behaves much more complex. The electric potential decreases with the 
frequency till it reaches a minimum at a frequency. After that, the electric potential 
will increase with the frequency until it gets to a peak and it starts to drop again.  
4.5.4 Field parameter distributions along the thickness of plate 
The radiation case, i.e., 0=inp  and 1=ϕ , is taken to show the field parameter 
(displacements, tractions, electric potential and displacement) distributions along the 
thickness of the plate. 
On the top surface of the elastic layer, the particle displacements and tractions 
referring to radiated sound by one electric potential applied will be from Equations (4 - 













+−−=  (4 - 134)





−=  (4 - 135)












−−=  (4 - 137)
At the interface between the elastic and piezoelectric layers, the electric potential 
and electric displacements need to be specified beside the continuity conditions of the 




e uU =  (4 - 138)
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e sS =  (4 - 139)
In addition, the electric potential and displacement need to be specified as 





∈−+−=  (4 - 141)
The distributions of field parameters along the thickness direction of the bi-layer 
at 2000 Hz is shown with the radiation angles 1°, 10°, 22° and 68°, respectively, in 
Figure 4 - 13, Figure 4 - 14, Figure 4 - 15 and Figure 4 - 16. The normal tractions on 
the top surface of the elastic layer are much lower, less than 0.05 N/m2 at two critical 
radiation angles, 10° and 22° than at the radiation angles 1° and 68°, larger than 0.2 
N/m2. That is why the bi-layer can not radiate sound effectively at these two critical 
radiation angles.  
4.6 Remarks 
An exact method for sound wave interactions with an infinite bi-layer 
piezoelectric plate is presented. Kraut’s formulation is used to transfer the second-
order ordinary differential governing equation into a first-order ordinary differential 
governing equation for piezoelectric and elastic layers, respectively. Then, the surface 
impedance matrices relating the “generalized displacement” vector and the 
“generalized traction” vector at the normal plane of the layers are obtained. With the 
surface impedance matrices established, the sound reflection and radiation are 
analyzed from a bottom-free bi-layer plate with consideration of the coupling between 
acoustic wave and structure in a rigorous manner.  
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The distribution of general displacement and traction in the layers is obtained 
through the solution of initial value problems for ordinary differential governing 
equations. Through numerical examples, it is discussed that the sound cancellation 
properties of the bi-layer and the effects of the ratios of the elastic layer thickness to 
the piezoelectric layer thickness onto the electric potential needed to fully cancel plane 
sound reflection from the bi-layer at selected frequencies and incidence angles 
properties. 
• The sound radiation efficiency with a given electric potential is higher at higher 
frequency than at lower frequency which means that less electric potential may 
be needed to fully cancel the sound reflection at a given incident acoustic 
pressure in higher frequency range. 
• There exist some critical radiation angles where the bi-layer excited by the 
applied electric potential can not radiate sound effectively. It means that it is hard 
to cancel specular sound reflection at the incidence angles equal to the critical 
radiation angles via active control. 
• There exist some critical thickness ratios which depend on the incidence angle 
and frequency of incoming acoustic wave. The less incidence angle, the higher 
the first critical thickness ratio. The electric potential needed to fully cancel the 
sound reflection is proportional to the thickness ratio when it is below the first 
critical thickness ratio, while inversely proportional to the thickness ratio when it 
is above the first critical thickness ratio and below the second critical thickness 
ratio.  
• The second critical thickness ratio is inversely proportional to the incidence 
angle and frequency of incoming acoustic wave. 
Chapter 4 An exact method for wave interactions with an infinite  

























































Chapter 4 An exact method for wave interactions with an infinite  




a. f =500 Hz 
 
b. f =2,000 Hz 
 
c. f =10,000 Hz 
 
d. f =50,000 Hz 
Figure 4 - 4 Sound reflection with different incidence angles at 1=inp Pa and 0=ϕ  
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a. f =500 Hz 
 
b. f =2,000 Hz 
 
c. f =10,000 Hz 
 
d. f =50,000 Hz 
Figure 4 - 5 Sound radiation with different radiation angles at 0=inp  and 1=ϕ Vol 
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a. f =500 Hz 
 
b. f =2,000 Hz 
 
c. f =10,000 Hz 
 
d. f =50,000 Hz 
Figure 4 - 6  Electric potential needed to fully cancel sound reflection at 1=inp  Pa 
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a. f =500 Hz 
 
b. f =2000 Hz 
 
c. f =10000 Hz 
 
d. f =50000 Hz 
Figure 4 - 7  Electric potential needed to fully cancel sound reflection  
with thickness ratios at 1=inp  Pa and θ = 1° 
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a. f =500 Hz 
 
b. f =2000 Hz 
 
c. f =10000 Hz 
 
d. f =50000 Hz 
Figure 4 - 8  Electric potential needed to fully cancel sound reflection  
with thickness ratios at 1=inp  Pa and θ = 10° 
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a. f =500 Hz 
 
b. f =2000 Hz 
 
c. f =10000 Hz 
 
d. f =50000 Hz 
Figure 4 - 9  Electric potential needed to fully cancel sound reflection  
with thickness ratios at 1=inp  Pa and θ = 22° 
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a. f =500 Hz 
 
b. f =2000 Hz 
 
c. f =10000 Hz 
 
d. f =50000 Hz 
Figure 4 - 10   Electric potential needed to fully cancel sound reflection  
with thickness ratios at 1=inp  Pa and θ = 45° 
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a. f =500 Hz 
 
b. f =2000 Hz 
 
c. f =10000 Hz 
 
d. f =50000 Hz 
Figure 4 - 11  Electric potential needed to fully cancel sound reflection  
with thickness  ratios at 1=inp  Pa and θ = 68° 
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a. θ = 1° 
 
b. θ = 10° 
 
c. θ = 22° 
 
d. θ = 45° 
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e. θ = 68° 
Figure 4 - 12 Electric potential needed to fully cancel sound reflection at 1=inp Pa 
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c. Electric parameters 
Figure 4 - 13   Distribution of field variables along thickness of plate  
at freq = 2000 Hz, θ=1°, 1=ϕ  Vol and 0=inp  
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c. Electric parameters 
Figure 4 - 14   Distribution of field variables along thickness of plate  
at freq = 2000 Hz, θ=10°, 1=ϕ  Vol and 0=inp  
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c. Electric parameters 
Figure 4 - 15 Distribution of field variables along thickness of plate  
at freq = 2000Hz,  θ=10°, 1=ϕ  Vol and 0=inp  
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c. Electric parameters 
Figure 4 - 16 Distribution of field variables along thickness of plate  
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Table 4 - 1   Properties of elastic layer 
 
Items Values 
Young’s Modulus (N/m2) 2.07×1011 
Poisson’s Ratio 0.3 
Density (kg/m3) 7700 
Thickness (m) 0.01 
 
 
Table 4 - 2  Properties of piezoelectric layer 
 
Items Values Items Values 
c11 (N/m2) 13.90×1010 e31 -5.203 
c13 (N/m2) 7.784×1010 e33 15.08 
c33 (N/m2) 11.54×1010 e15 12.718 
c44 (N/m2) 2.564×1010 ∈11 730×8.85×10-12 
Density (kg/m3) 7500 ∈33 635×8.85×10-12 
Thickness (m) 0.004   
 
 
Table 4 - 3  Incidence angles and frequencies of interest 
 
Incidence angles Frequencies (Hz) 
1° 500 2k 10k 50k 
10° 500 2k 10k 50k 
22° 500 2k 10k 50k 
45° 500 2k 10k 50k 
68° 500 2k 10k 50k 
 
Chapter 5 
An exact method for wave interactions with an infinite 
multilayered piezoelectric structure 
5.1  Introduction 
The concept of surface impedance matrix is used to analyze the sound wave 
interactions with a bi-layer piezoelectric structure, in Chapter 4.  
In this chapter, the transfer matrix approach is applied to investigate the sound 
wave interactions with multilayered piezoelectric enabled laminate. The chapter starts 
with the investigation of wave propagation in the structures (an elastic layer and a 
piezoelectric layer) and the establishment of their solutions in expanded matrix forms. 
Followed is the wave propagation in the upper and fluid medium of the structure. 
5.2 Wave propagation in an elastic layer 









































∂ ρ  (5 - 2)
A solution can be written as 
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⎧= ωU  (5 - 3)
where { }Twu  are the amplitudes of displacement components. Substituting Equation 
(5 - 3) into (5 - 1) and (5 - 2) results in  
( ) uukcwkkccuck ezzxx 22555513112 ωρ−=−+−−  (5 - 4)
( ) wwkcukkccwkc ezzxx 22335513255 ωρ−=−+−−  (5 - 5)









































k=α  and θωω sin
2fx
x ck
c == . 
2f
c  is the wave speed in the medium above the 
layer. And 
22
551111 xee ccck ρα −+=  
( )α551312 ccke +=  
22
335522 xee ccck ρα −+=  
(5 - 8)
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Nontrivial solutions for { }Twu  demand vanishing of the determinant of the 













 (5 - 9)
Equation (5 - 9) leads to four αq (q=1, 2, 3, 4). And there exist the following 
relations for four αq. 
4321 , αααα −=−=  (5 - 10)
The common factor ( )xtcjk xxe −  is recognized and suppressed. Using superposition, 
the solutions for the displacements combining with the constitutive relations (2 - 102) 































































 (5 - 12)
where  
qqq UWR =  (5 - 13)
qqq RccP 33131 α−−=  (5 - 14)
qqq RccP 55552 −−= α  (5 - 15)
Substituting qα  into the first row of Equation (5 - 7) leads to  
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11−=  (5 - 16)
The solutions (5 - 11) and (5 - 12) can be combined, reorganized and written in 
































































σ  (5 - 17)
5.3 Wave propagation in a piezoelectric layer 
The equations of motion for a 2-D plane strain problem of a piezoelectric layer 
are recalled as 












































































∂+ φφ  (5 - 20)





















 (5 - 21)
where { }Twu φ  are the amplitudes of displacement components and electric 
potential. Substituting Equation (5 - 21) into (5 - 18) ~ (5 - 20) results in  
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( ) ( ) φωρ zxpzzxx kkeeuukcwkkccuck 153122555513112 ++−=−+−−  (5 - 22)
( ) ( )φωρ 23321522335513255 zxpzzxx kekeWwkcukkccwkc ++−=−+−−  (5 - 23)
( ) ( )φ2332112332153115 zxzxzx kkwkewkeukkee ∈+∈−=−−+−  (5 - 24)
Equations (5 - 22) to (5 - 24) can be simplified and expressed in the form of  





































































k=α  and θωω sin
2fx
x ck
c == . 
2f
c  is the wave speed in the medium above the 
layer. And 
22
551111 xpccck ρα −+=  
( )α551312 cck +=  
( )α153113 eek +=  
22
335522 xpccck ρα −+=  
2
331523 αeek +=  
(5 - 27)
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( )2331133 α∈+∈−=k  
Nontrivial solutions for { }Twu φ  demand vanishing of the determinant of the 
3×3 matrix and yield a sixth-degree polynomial algebraic equations relating α  to cx.  





















 (5 - 28)
Equation (5 - 28) leads to six αq (q=1, 2, …, 6). And there exist the following 
relations for six αq. 
654321 ,, αααααα −=−=−=  (5 - 29)
The common factor ( )xtcjk xxe −  is recognized and suppressed. Using superposition, 
the solutions for the displacement, electric potential, stresses and electric 
























































































 (5 - 31)
where  
qqq UWR =  (5 - 32)
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qqq Uφ=Φ  (5 - 33)
( )qqqq eRccP Φ+−−= 3333131 α  (5 - 34)
( ) qqqq eRcP Φ−+−= 15552 α  (5 - 35)
( )qqqq ReeP Φ∈−−−= 3333313 α  (5 - 36)
Substituting qα  into the first two rows in Equation (5 - 26) leads to  




























1312  (5 - 37)
and 







−=  (5 - 38)







−=Φ  (5 - 39)
The solutions (5 - 30) and (5 - 31) are the foundation for the study of a wide 
variety of piezoelectric systems in this chapter. One can use the solutions together with 
appropriate boundary and interface conditions to obtain final desired results for a 
specific problem. 
The solutions (5 - 30) and (5 - 31) can be combined, reorganized and written in 
their expanded matrix form  
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  (5 - 40)
5.4 Wave propagation in fluid media  
Utilizing the fact that the fluid does not resist shear deformation, its 2-D 






















∂ ρσ  
(5 - 41)












fii λσ     i=1, 3 (5 - 42)


























































λ=  is the wave speed in the fluid. 
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The solutions for two displacements can be sought as 


























 (5 - 44)
Substituting Equation (5 - 44) into (5 - 43) leads to 























 (5 - 45)
where xz kk=α . 
Nontrivial solutions for { }Tff wu  demand vanishing of the determinant of the 
2×2 matrix and yield an fourth-degree polynomial algebraic equations relating α  to cx .  










 (5 - 46)










cααα  (5 - 47)





W α=  (5 - 48)
Therefore, Equation (5 - 44) becomes 
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α  (5 - 49)








fqxfxzz Ucjk ρσ  (5 - 50)









fqxfxzz Ucjkp ρσ  (5 - 51)
5.4.1 Wave propagation in the fluid above structure 
Using superposition, the solutions of the displacements and stresses can be 














































 (5 - 52)




























































 (5 - 53)
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where inU  and reU  are the parameters relevant to incident and reflected wave 
amplitudes, respectively. 
2f
ρ  is the density of the upper fluid and 
2f













cα  (5 - 54)
As in Equation (5 - 51), inU  corresponding to unit incident plane acoustic wave, 






pU ρ= . (5 - 55)
If reU   is obtained, the reflection coefficient of the structure subject to an 








p ==β  (5 - 56)
5.4.2 Wave propagation in the fluid below structure  







































 (5 - 57)
where trU  is the parameter related to the transmitted wave amplitude below the 
structure. 
1f
ρ  is the density and 
1f
c  is the wave speed of the lower fluid. 
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cα  (5 - 58)
If trU  is obtained, the transmission coefficient of the structure subject to an 














ρβ == . (5 - 59)
5.5 Transfer matrix for a layer 
Solutions of sound wave interactions with a layered piezoelectric structure can 
be obtained conveniently by using the transfer matrix method. First, the solution for 
each layer are derived and expressed in terms of wave amplitudes (state vector) as 
described above. Second, relating the state vectors on one surface of the layer to that 
on the other leads to the transfer matrix of a single layer.  
It is noted that Equation (5 - 40) holds for every piezoelectric layer k. It can be 
used to relate the displacements, tractions and electric variables on its lower surface 
(say at z=0) to those on its upper surface (say at z=hk). 
kkkk UEGP =  (5 - 60)








P  (5 - 61)
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The state vector Pk is divided into two components, t and tE, which refer to the 























t   (5 - 63)

























kG  (5 - 64)

























































E  (5 - 65)
and Uk is the 6×1 ‘generalized’ displacement amplitude vector. 
{ }Tkk UUUUUU 654321=U  (5 - 66)
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On the lower and upper surfaces of the kth layer, the state vectors LkP  and 
U
kP  are 











k UEGP =  (5 - 68)
Therefore, the state vector UkP  on the upper surface is related to the state vector 
L








k PTMPGEGP ⋅== −1  (5 - 69)
where matrix 1−= kUkkk GEGTM  constitutes the transfer matrix for the kth piezoelectric 
layer.  



































Ek tTMtTMt 2221 +=  (5 - 72)
Equations (5 - 71) and (5 - 72) relates the state variables of the piezoelectric 
layer on the lower surface to those on the upper surface. 
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5.6 Transfer matrix for multiple layers 
For multi-layered piezoelectric plate, the transfer matrix which relates the state 
vectors on the upper and lower surfaces of the layered plate can be obtained by 
subsequently satisfying continuity conditions at interlayer interfaces. It is 
straightforward to construct the transfer matrix of homogenous multi-layered 
piezoelectric structure, all layers of which is of piezoelectric. By applying the above 
procedure for each layer, following by invoking the continuity of state vector at the 
layer interfaces, namely, Uk
L
k 1−= PP , the state vector on the upper surface of the layered 




U PTMPTMTMTMTMP ⋅=⋅⋅= − 121L  (5 - 73)
where UP  and LP  are now the state vectors on the upper and lower surfaces of the 
piezoelectric layered plate. 121 TMTMTMTMTM ⋅⋅= − Lnn  is the transfer matrix of 
the multiple layered structure. 
Equation (5 - 73) can be written as 
UUL PBPTMP ⋅=⋅= −1  (5 - 74)
where matrix B is the inverse of transfer matrix TM of the multiple layered structure. 
5.7 Reflection and transmission from a piezoelectric substrate 
An incident plane wave striking a piezoelectric solid substrate will generate three 
scattered waves in 2-dimensional problem, one reflected back in the fluid and two 
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transmitted into the piezoelectric solid as shown in Figure 5 - 2. The reflection and 
transmission coefficients can be obtained based on the formal solutions of the 
piezoelectric solid and the fluid. 
It is known from Equations (5 - 30) and (5 - 31) that each displacement, traction 
and electric component is a sum of six separate wave components. If α1, α3 and α5 are 
assigned to the waves that propagate in the negative z direction, α2, α4 and α6 refer to 
the waves that travel along the positive z direction.  
( ) ( ) ( )5,3,10Imand0Re =>< qqq αα  (5 - 75)
( ) ( ) ( )6,4,20Imand0Re =<> qqq αα  (5 - 76)
Therefore, the displacement, traction and electric components with the 





























 (5 - 77)
The corresponding stress and electric displacement components of the 








































 (5 - 78)
Recalling the solutions (5 - 53) for the upper fluid 
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 (5 - 79)
Two types of electric boundary conditions can be specified at fluid-solid 
interface. The first one requires a specified electric potential at the interface. This 
situation is known as “voltage” case. The second situation requires a specified electric 
displacement rather than the electric potential. This situation is referred to the “charge” 
case. It is obvious that, once solutions are obtained for one case, say for “voltage” case, 
results for the “charge” case can be obtained by replacing qΦ  and Φ  with qD3  and D , 
respectively. 
Invoking, at z=0, the continuity of the normal displacement, traction and electric 
potential ϕ  (“voltage” case) and further setting xzτ  of the piezoelectric solid equal to 
zero. The following system of linear simultaneous equations for the unknown 
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 (5 - 81)
The reflection and transmission coefficients can be calculated as. 
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xfinxf  (5 - 85)
where 










 (5 - 87)






























F =  (5 - 90)
The upward acoustic wave consists of two parts from Equation (5 - 82). One part 
is contributed to the reflected wave due to the incident plane wave inU . The other is 
contributed to the applied voltage across the substrate. To cancel the sound reflection 





αϕ  (5 - 91)
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5.8 Reflection and transmission from an infinite layered elastic 
plate 
For an infinite multi-layered elastic plate, the geometric setup is shown in Figure 
5 - 1. The solution for the layered plate is given in terms of the global transfer matrix 
of Equation (5 - 74). Invoking the continuity conditions at the plate-upper fluid (5 - 53) 






























































 (5 - 92)
Assuming 1=inU , Equation (5 - 92) can be arranged as 
































































 (5 - 93)










































Me =   
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Be =   
The reflection and transmission coefficients of the elastic plate can be obtained 
using Equations (5 - 56) and (5 - 59). 
5.9 Reflection and transmission from an infinite layered 
piezoelectric plate 
For an infinite multi-layered piezoelectric plate, the geometric setup is shown in 
Figure 5 - 1. The solution for the layered plate is given in terms of the global transfer 
matrix of Equation (5 - 74). 




























































 (5 - 96)







































 (5 - 97)
where subscripts 2f  and 1f  denote the upper and lower fluids, respectively. 
trU  is 
related to the transmission coefficient in the lower fluid. 
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Invoking the continuity conditions for “voltage” case at the plate-upper fluid and 




























































































 (5 - 98)
It can be arranged as 

























































































23 ff BDBB α+=  (5 - 100)
22 3233
*
33 ff BDBB α+=  (5 - 101)
22 4243
*
43 ff BDBB α+=  (5 - 102)
22 5253
*
53 ff BDBB α+=  (5 - 103)
2
22 xff
cD ρ=  (5 - 104)
2
11 xff
cD ρ=  (5 - 105)
xzE jkDD =  (5 - 106)
The reflection and transmission coefficients can be calculated as. 
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Q α=   
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B =  
The reflection and transmission coefficients of the piezoelectric plate can be 
calculated using Equations (5 - 56) and (5 - 59). 
The electric potentials on the uppermost and lowermost surfaces of the 
piezoelectric plate satisfy the following equations in order to fully cancel sound 
reflection and transmission coefficients simultaneously 
( ) ( )( ) ( )






































 (5 - 109)
To obtain the electric voltage applied across a piezoelectric layer; both the 
electric potentials on the upper surface and lower surface of the layer have to be 
calculated. The electric voltage applied across the piezoelectric layer is the difference 
of these two electric potentials.  
5.10 Formulation for wave normal incidence 
In this section, the investigation is carried out for the infinite piezoelectric and/or 
elastic layer subject to normal sound wave incidence because the previous formulation 
does not support the normal incident case. Following same choice of coordinate 
system, the field variables depend on only z coordinate and are independent of 
coordinates x and y. 
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For a one-dimensional problem with z poling direction of piezoelectric materials, 























∂ φ  (5 - 111)
Here, the electric and mechanical effects on response of the layer to a normal 
sound incidence are considered separately. First, the state variables caused by purely 
mechanical effects are considered. The mechanical stress will be in case of zero 
electric potential from Equation (5 - 110). 
z
wczzm ∂
∂= 33σ  (5 - 112)
where subscript m denotes the mechanical effect. 















ρρσ −=  (5 - 114)
where Lzzmσ , Lv  and Uzzmσ , Uv  symbolise the normal stresses and velocities on lower 
and upper faces of the layer, respectively. ωρ 33ck =  and ρ33cvl =  are the 
wavenumber and the velocity of longitudinal elastic (acoustic) waves traveling in the 
thickness direction of the layer, respectively. h is the thickness of the layer. 
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Second, the state variables caused by an external voltage Vz applied across the 
piezoelectric layer are considered. Sign conventions are chosen in accordance with 
normal circuit practice as shown in Figure 1. The stress generated by the converse 
piezoelectric effect is from Equation (2-105). 
zzze Ee33−=σ  (5 - 115)
where subscript e denotes the piezoelectric effect. 
Assuming that the area of the piezoelectric layer is Sa, the electrical terminal 
current is calculated by 
azSDjdt
dQI ω==  (5 - 116)
In case of non-existence of elastic strain, the constitutive equation becomes 
33∈
= zz DE  (5 - 117)






zzeσ ∈=  (5 - 118)




























σ ∈+−=+=  (5 - 120)
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where aSIJ = . 
The voltage across the electrodes including the external applied voltage and self-







































 (5 - 121)
Therefore, there is a relationship in matrix form among the state variables on 

























































vjz ll . 
Equation (5 - 122) can be used to describe the purely elastic layer, actuator layer 
and sensor layer. If 0== zVJ , it represents the local transfer matrix for elastic layer. 
If 0=J  and 0≠zV , it represents the local transfer matrix for sensor layer and Vz is 
the voltage output from the layer. If 0≠J  and 0≠zV , it represents the local transfer 
matrix for actuator layer. 
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5.10.1 Transfer matrices for layers with different types 













































TM  (5 - 123)
where TMon is named the main transfer matrix of the layer n. 
For sensor layer n, the main transfer matrix has the same form as elastic one but 





















⎧−= TM1113  (5 - 124)
























 (5 - 125)
where Va is the external voltage applied. TM1a and TM2a are named the first and 





































































aTM  (5 - 126)
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aTM  (5 - 127)
5.10.2 Boundary Conditions 
To obtain the reflection and transmission coefficients of the plate subject to a 
normal sound wave incidence, the transfer matrix must be used together with the 
boundary conditions at plate-upper fluid and plate-lower fluid interfaces.  

























 (5 - 128)
where inp  is the amplitude of incident plane wave. reβ  is the reflection coefficient of 
the plate. 
22 ff
Cρ  is the acoustic specific impedance of the upper fluid. 


















; ( )11 −≤≤ Nn  (5 - 129)


















 (5 - 130)
where tβ  is the transmission coefficient of the plate. 11 ff Cρ  is the acoustic specific 
impedance of the lower fluid. 
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5.10.3 Application Examples 
Based on the transfer matrices of elastic, sensor and actuator layers above, as 
well as continuous interaction conditions, the reflection and transmission coefficients 
of any multilayered coating can be determined straightforwardly. The relationship of 
acoustic characteristics of the active acoustic coating to the voltages applied across the 
actuator layers can also be analyzed. Three cases are studied below. The first two cases 
are for the purpose of verification. 
Case One: Lafleur’s example (Lafleur et al 1991)  
The calculated results for the examples given by Lafleur  have been compared to 
the results from experimental ones. Therefore, those examples are used here for 
verification purpose. Listed is the material and structural properties for two kinds of 
smart structures in Table 5 - 1. The medium properties above and below the coating 
laminae are ρf1  = ρf2 =1000 kg/m3 and C f1=C f2=1500 m/s respectively. There are two 
examples for case one: 
(1). Single layer transducer (Figure 5 - 3) 
(2). Double layer transducer (Figure 5 - 4) 
Figure 5 - 5 and Figure 5 - 6 show the magnitude and phase of the complex ratio 
of the voltage applied to the single-layered transducer to cancel reflection to that to 
cancel transmission. Figure 5 - 7 and Figure 5 - 8 show the magnitude and phase of the 
complex ratio of the voltage on top layer to that on bottom layer when the two layers 
are being driven so as to simultaneously cancel both transmission and reflection from 
the double layer transducer. It can be found that the results from the proposed transfer 
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matrix method in this thesis are in a good agreement with the results calculated by 
Lafleur et al 1991. 
Case Two: Bao’s Example (Bao et al 1988) 
Bao’s example is used because his analysis was carried out based on the method 
of Mason equivalent circuit representation (MECR). The bilaminar actuator is 
constructed by using two layers of piezoceramic composite material together as shown 
in Figure 5 - 9. The material and structural properties used are listed in Table 5 - 2. The 
medium properties above and below the coating laminae are ρf1 = ρf2 = 1000 kg/m3 and 
Cf1 = Cf2 = 1500 m/s respectively.  
The calculated ratios of the magnitude and phases for the applied voltages as a 
function of frequency are plotted in Figure 5 - 10 and Figure 5 - 11. A good agreement 
is also observed. 
Case Three: The coating with two sensor layers and an actuator layer 
The calculated results are relative values unless the incident sound wave is 
assumed to be a known value. In practice, amplitude, phase and frequency of the 
incident sound wave are not known in advance. Hence, the properties of incident sound 
wave need to be measured or detected. That is why the sensors or sensoring devices 
are usually integrated in active acoustic coating.  
In the case three, an active acoustical coating with eight layers is considered as 
shown in Figure 5 - 12. The material properties used are listed in Table 5 - 3. Two 
sensor layers (layer 2 and 4) are made of PVDF material with the same thickness 
515×10-6m. The actuator layer (layer 6) is PZT-5 rod in a Rho-C rubber matrix with a 
Chapter 5 An exact method for wave interactions with an infinite  
multilayered piezoelectric structure 
 
161
thickness of 0.02m. The thickness of the elastomeric layers is 0.002m, and thickness of 
the backing plate is 0.01m. The medium properties above are ρf2 = 1000 kg/m3 and Cf2 
= 1500 m/s. The medium properties below are ρf1 =1.18 kg/m3 and Cf1 =340 m/s. 
Based on the continuity of velocities and stresses at each interface respectively, 





































 (5 - 131)


















V TM  (5 - 132)
The reason double sensor layers are used here is that the output of a sensor is a 
signal in terms of the complete acoustic field that includes both incident and reflected 
sound. It means that components of the incident and reflected sound pressures are 
summed together in the output of a single sensor layer. The resulting signal is therefore 
a superposition of the two components. Therefore, the dual arrangement is preferred 
for separating the incident sound wave (Howarth et al 1992a, 1992b). The dual sensor 
may be in other forms, such as one sensor layer for sound pressure and one 
accelerometer for particle velocity (Corsaro et al 1997). 
The incident ( inp ) and reflected ( rep ) sound waves can be obtained in terms of 
the voltages Vs2 and Vs4 generated through the direct piezoelectric effect of the two 
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sensors. The pressures at sensors 2 and 4 are represented as a superposition of the 
incident and reflected field. 
( )11112 djkredjkinps epepSV += −  (5 - 133)
( ) ( )( )3322113322114 dkdkjdjkredkdkjdjkinps eepeepSV ++−− +=  (5 - 134)
where the exponential factors account for the phase difference due to thicknesses of 
respective layers; kn and dn are the wavenumber and thickness of layer n (n = 1, 2 or 3) 
respectively. Sp denotes the acoustic pressure sensitivity or voltage-pressure transfer 




−=pS   (V/Pa) (5 - 135)
For the given piezoelectric material as shown in Table 5 - 3, the acoustic 
pressure sensitivity of a single sensor is shown in  


















 (5 - 136)
Therefore, 






Vjp +−+=  (5 - 137)
As an instance, the incident sound pressure calculated from the voltage outputs 
of the two sensors shown in Figure 5 - 12 is checked assuming a known incident 
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pressure. The results are plotted in Figure 5 - 14. It is seen that the calculated incident 
sound pressure has a good accuracy. The accuracy of derivation above depends on the 
material selection of sensor layer and elastomer layer (Moffett et al 1986). The 
derivation of Equations (5 - 133) and (5 - 134) is based on an implied assumption that 
the materials of the first four layers are acoustically transparent. It means that the 
specific acoustic impedances of these materials should be the same as the medium 
fluid. For this case study, the specific acoustic impedance of the medium is 1.50×106 
Pa⋅s/m, while that of the elastomer layer is 1.49×106 Pa⋅s/m. The result disagreement 
in Figure 5 - 14 may be attributed to the difference of the specific acoustic impedances.  
Similarly, by shifting the detected signal received at sensor 2 in other way, the 

















 (5 - 138)






Vjp −++−=  (5 - 139)
From Equation (5 - 131), the transmission and reflection coefficients for a 
calculated inp  are 
( )( )




















2,11,11 61  (5 - 141)
where 
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( ) ( )


















To cancel the sound reflection, reβ =0, we have the required voltage to be 
applied across the actuator layer from Equations (5 - 140) and (5 - 141) as 
inR
a pBB
AAV ==06  (5 - 142)
where 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2,21,22,11,1
11222211
TMCCTMCCTMTMAA ffffffff ρρρρ −−+=  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]
















To cancel the sound transmission, 0=tβ , we have the required voltage to be 
applied across the actuator layer from Equations (5 - 140) and (5 - 141) as 





=  (5 - 143)
Two control-voltage functions of an active coating are defined as 
BB







CVF ρ+−==  (5 - 145)
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where CVFR=0 and CVFT=0 are the control-voltage functions of the active coating for 
cancelling sound reflection and sound transmission respectively.  
Equations (5 - 144) and (5 - 145) give the relation between the incident sound 
and control-voltage required applying across the actuator. They depend only on the 
material and geometrical properties of the coating structure and the media. The 
control-voltage function for cancellation of sound reflection is shown for the given 8-
layer coating in Figure 5 - 15. It is observed from the figure that the given active 
coating is suitable to cancel the sound reflection in the frequency range 50 to 130 kHz 
because poles exist at frequencies 38 and 158 kHz. From the control-voltage functions, 
the required control voltages can be easily calculated through multiplication, in 
respective frequencies, of control-voltage function and incident sound that may be 
obtained by the integrated sensors.  
The mechanism for cancellation of reflected sound waves lies in that the surface 
that faces the incident sound wave is controlled to move 180° out of phase with and at 
the same amplitude as the particle velocity of reflecting wave. Another way to view 
this is that the acoustic impedance of the active surface is controlled to dynamically 
match one of the propagating medium of the incident side. It means that the incident 
sound wave travels into the boundary as if it is an infinite medium with the same 
properties. 
5.11 Remarks 
Through the investigation of wave propagation in the piezoelectric, elastic layers 
and the fluids, the transfer matrices of respective layers are obtained. Based on these, 
the transmission and reflection coefficients are presented from a piezoelectric solid 
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substrate, a layered piezoelectric plate as well as an elastic plate. In addition, the 
formulation for detecting the incident sound pressure using dual piezoelectric sensor 
layers is presented. With these formulations, the control-voltage functions of the active 
coating with a backing plate can be obtained directly. The algorithm makes the control 
circuit easy to be implemented. The product of incident sound that can be detected and 
the control-voltage functions of active coating with the backing plate is the controlled 
voltage required for the active control purpose. 
As verification, two case studies are carried out and it is found the proposed 
transfer matrix approach has a good accuracy. The main advantage lies in the 
proposed method can be easily applied for analyzing the acoustic properties of multi-
layer active coating structures.  
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Figure 5 - 4  Double layer transducer with a plane wave incident from top 
 
 
Figure 5 - 5  Magnitude of the complex ratio of voltage for canceling reflection to 
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Figure 5 - 6  Phase of the complex ratio of voltage for canceling reflection to one 
for canceling transmission with single active layer 
 
 
Figure 5 - 7  Magnitude of the complex ratio of voltages on top layer to that on 
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Figure 5 - 8   Phase of the complex ratio of voltages on top layer to that on bottom 
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a. Magnitude of the applied voltage on upper layer  
 
b. Phase of the applied voltage on upper layer 
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a. Magnitude of applied voltage on lower layer 
 
 
b. Phase of applied voltage on lower layer 
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a. Upper medium is water and lower is air 
 
b. Upper medium is water and lower is water 
(Line –given inp ; line with dots – calculated inp  from two sensors) 
Figure 5 - 14  Comparison of calculated and actual incident sound waves 
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Figure 5 - 15  Control voltage function for canceling sound reflection 
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Table 5 - 1  Material and structural properties (case one) 
 
  Piezoelectric Material 
ρ  5903.3 kg/m3 
c33  (4.92 + j3.02)×109 N/m2 
e33  (0.2391+ j 0.0899) N/(m×V) 
∈33  (0.3857-j0.0119)×10-9 F/m 






Table 5 - 2  Material and structural properties (case two) 
 
  Piezoelectric Material 
ρ  2430 kg/m3 
c33  2.3791×109 N/m2 
e33  3.95 N/(m×V) 
∈33  1.543×10-9 F/m 
h  0.02 m 
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Table 5 - 3  Material and structural properties (case three) 
 
  Elastomer layer  
[ρC rubber (isotropic)] 
 
ρ  920 kg/m3  
c33  2.4132×109 N/m2  
h  0.002 m  
  Sensor Layer 
[PVDF (transversely isotropic)] 
Actuator Layer 
ρ  1470 kg/m3 2430 kg/m3 
c33  1.5306×109 N/m2 2.3791×109 N/m2 
e33  3.7 N/(m×V) 3.95 N/(m×V) 
∈33  6.729×10-11 F/m 1.543×10-9 F/m 
h  515×10-6 m 0.02 m 
  Backing Plate (isotropic)  
ρ  7800 kg/m3  
c33  268.47×109 N/m2  
h  0.01 m  
 
Chapter 6 
Interaction of waves with piezoelectric structures at oblique 
incidence 
6.1 Introduction 
In Chapters 4 and 5, the electrode of piezoelectric layer is implied to be able to 
bear the electric potential varying with the position along direction x. Actually, it is 
impossible to apply a voltage potential across a piezoelectric layer which varies in 
direction x continuously. Piecewise piezoelectric layers or infinitely periodic structures 
are possible alternatives in practice. In each piezoelectric element, a different voltage 
is applied across the layer to have a piecewise constant voltage distribution in direction 
x. Obviously, it is an approximation of the continuously varying voltage. This chapter 
aims at analysing the piezoelectric layer capable of eliminating reflections of obliquely 
incident sound waves. 
To construct a basis for analyzing the sound wave radiated by the phased 
piezoelectric elements (actuator array), reflected from the passive surface (reflector) or 
detected by the piezoelectric elements (sensor array), the theory on sound radiation 
from a point source is reviewed first. Followed are the sound radiation from a linear 
array and 2D finite array, respectively. After that, the sound reflection from a finite 
passive reflector is presented. Finally, the suppression of sound reflection using a 
piecewise bi-layer piezoelectric enabled structure is investigated and some numerical 
examples are given. 




6.2 Sound radiation from a point source 
The sound pressure field of a pulsating spherical source is expressed as Equation 
(6 - 1) when the source coincides with the origin of coordinates.  








 (6 - 1)
where fρ  and fC  are medium density and sound speed, respectively. a is the radius 
of the sphere with pulsating velocity amplitude w&  prescribed on the spherical surface. 
k is the wave number that equals to fCω , and ω and t are the angular frequency and 
time, respectively. r is the coordinate of the field point in a spherical coordinate system 
as shown in Figure 6 - 1. It is recognized by the factor tje ω  standing for the harmonic 
pulsation of the sphere. Therefore, it is omitted hereafter for the sake of similarity.  
To make the formula simple and concise, it is general and necessary to have 
some assumptions. (r-a) is approximated as r if r>>a (point source or long range 
assumption).And (ka+j) and ((ka)2+1) are approximated as j and 1, respectively, if 
ka<<1 (point source or low frequency assumption or that characteristic dimension is 
much smaller compared to the wave length to be considered). With these assumptions, 
Equation (6 - 1) can be simplified as Equation (6 - 2). 








 (6 - 2)
where w&&  is the acceleration prescribed on the spherical surface. 




If the point source does not coincide with the origin of coordinates and makes 
0rr −=r  as shown in Figure 6 - 2, the pressure field radiated from the point source 
becomes 









rp &&ρ  (6 - 3)
Considering the pressure field in far-field 0rr >>  (far field assumption), 
Equation (6 - 3) may be expressed as 





 (6 - 4)
Keeping 0rr −  in the exponential of Equation (6 - 4) is to consider the phase 
differences of sound pressures radiated by different point sources for superposition 
purpose. The pressure radiated by an arbitrary source, whose characteristic dimension 
is small in terms of wavelength, can be determined by its surface-averaged acceleration 
or more conveniently its volume acceleration ( )awaQ &&&& 24π= . A source small in terms 
of wavelengths can be approximated by a point source embodying the same volume 
acceleration, regardless of the source geometry or the local acceleration distribution 
over the source. Therefore,  







 (6 - 5)
Similarly, a single piezoelectric element in a piecewise piezoelectric enabled 
structure can be approximated as a point source as long as its dimension is small 
compared to the wavelength of interest. In other words, a piecewise piezoelectric 




enabled structure can be treated as a combination of many point sources whose 
respective input may be individually controlled. The acoustic field radiated from the 
piecewise piezoelectric enabled structure is a superposition of the acoustic fields from 
its individual constructing point sources. The piecewise piezoelectric enabled structure 
is named an array hereafter. 
6.3 Linear array 
6.3.1 Linear array in phase 
6.3.1.1 Linear array of discrete point sources in phase  
An even number 2N of linearly arranged elements equally spaced a distance 2e 
from each other is assumed. The origin of polar coordinates is equidistant from the 
central pair of elements, the elements is located on the θ = 0° axis. Figure 6 - 3 shows 
an example of a linear array with 4 pairs of point sources.  
As a result of the difference in path length from two neighboring elements to a 
field point, their respective contributions reach the far field with a phase difference of 
θcoske  in terms of an imaginary point source located at the origin. In calculating 
travel time difference, it is assumed that the range r is so large that e/r or L/r << 1, 
making vectors leading from different portions of the array to the field point 
effectively parallel. Therefore, the pressure fields generated by the left and right point 
sources (1l and 1r) of the first pair is respectively 
( ) θπρθ cos1 4, jkejkrf eer
Qrp
l −−≈ &&  (6 - 6)




( ) θπρθ cos1 4, jkejkrf eer
Qrp
r −≈ &&  (6 - 7)
Similarly, the pressure fields generated by the left and right point sources (2l and 
2r) of the second pair is  
( ) ( ) θπρθ cos1222 4, ejkjkrf eer
Qrp
l −×−−≈ &&  (6 - 8)
( ) ( ) θπρθ cos1222 4, ejkjkrf eer
Qrp
r −×−≈ &&  (6 - 9)
Each element is assumed to have a same acceleration w&&  and radius a, i.e., so the 
volume accelerations, Q&& , of all elements are same. Hence, the far-field of 2N elements 
is constructed by linearly superposing the pressure contributions radiated by the 
individual elements and keeping track of the phase shifts between all contributions. 







cos12cos2, θθ  (6 - 10)
where ( ) jkrs er
Qrp −= π4
&&
 is the pressure field radiated from an imaginary point source in 
free space located at the origin whose volume acceleration is that of a single point 
source. 
From the trigonometric identity, the above equation can be written as 





Nkerprp s=  (6 - 11)
It is seen from Figure 6 - 4 that a linear array excited in phase will behave a 
strong directivity of radiation with increase of number of pairs, N, at a given wave 




number k and source spacing e. Also from Figure 6 - 5, the directivity of radiation is 
enhanced with increase of spacing e at a given number of pairs, N, and wave number, 
k. From Figure 6 - 6, it is seen that the radiation form the linear array in higher 
frequency behaves a stronger directivity. 
6.3.1.2 Linear array of continuous point sources in phase 
For a linear discrete array in phase, the maximum of the directivity occurs when 
θ = 90°. When the number of pairs of point sources increases infinitely, the discrete 
linear array becomes a continuous line array as shown in Figure 6 - 7. Let q&&  be the 
volume acceleration per unit length and uniform along the horizontal axis with length 
2L.  
From Figure 6 - 7 and Equation (6 - 7), the pressure radiated by an infinitesimal 
element “dx” with volume acceleration dxq&&  is  
( ) θπρθ cos4, jkxjkrf eer
dxqrdp −= &&  (6 - 12)
The pressure field radiated by the linear continuous array with length 2L is an 
integral as 




















− == ∫ &&&&  (6 - 13)
Therefore, one has 










f == −&&  (6 - 14)










 is the pressure field radiated from an imaginary point source 
in free space located at the origin whose volume acceleration is that of the whole line 
array, qLQ &&&& 2= . jo is the spherical Bessel function. 
The directivity pattern in Figure 6 - 8 displays a maximum when the argument of 
the Spherical Bessel function ( )θcos0 kLj  equals zero if 2πθ = . It also shows that 
the radiation directivity in the far field becomes strong as the increase either of 
frequency or the length of array. 
6.3.2 Linear array with phase shift 
6.3.2.1 Linear array of discrete point sources with phase shift 
Let the phase difference be 2γ for any two given neighbouring elements as 
shown in Figure 6 - 9. Assuming that the phase of the right element leads to that of the 
left one leads to 






 (6 - 15)




, −≈ &&  (6 - 16)
The second pair of elements generates the pressure field respectively as 
( ) ( ) ( )γθπρθ 12cos122 4, +−+−−≈ jejkjkrf eeer
Qrp
l &&
 (6 - 17)
( ) ( ) ( )γθπρθ 12cos122 4, ++−≈ jejkjkrf eeer
Qrp
r &&
 (6 - 18)




and finally for all N pairs of elements, one has 











θγθγθ  (6 - 19)
where ( )rps  is the pressure field radiated from an imaginary point source in free space 
located at the origin whose volume acceleration is that of a single point source. 
The directivity pattern of a discrete phased array is shown in Figure 6 - 10 for 
k=10, n=4 and e=0.05m with a given phase shift 2γ between any neighbouring 
elements. The directivity pattern has two principle maxima or main lobes of amplitude 
( )rps  when 




γθ 1cos  (6 - 20)
Figure 6 - 10 shows that the beam radiated by the linear array is steered. We note 
that the steered angle of radiated sound wave is not the same as the phase shift 2γ. 
6.3.2.2 Linear array of continuous point sources with phase shift 
The volume acceleration per unit length of array is assumed to be same q&&  but 
with a linearly phase shift as 
xjeqq β&&&& =  (6 - 21)
The pressure field radiated by an infinitesimal element “dx” can be expressed as  
( ) θβπρθ cos4, jkxxjjkrf eeer
dxq
rdp −= &&  (6 - 22)




and the total pressure field generated by the whole length of array is 






















+−∫ &&&&  (6 - 23)
Following the same treatment as in Equation (6 - 14) leads to 












+= −&&  (6 - 24)
where ( ) jkrfuw er
q
Lrp −= πρ 42
&&
 is the pressure field radiated from an imaginary point 
source in free space located at the origin whose volume acceleration is that of the 
whole linear array. 
The directivity pattern of a linear phased array is shown in Figure 6 - 11 for 
kL=2π and a given phase shift β per unit length. It has two principle maxima or main 
lobes as well when 




βθ 1cos  (6 - 25)
6.3.3 Linear array of piecewise line sources with phase shift 
A piecewise continuous line array rather than a whole continuous one is 
considered as shown in Figure 6 - 12(a). In each line element, all the continuous point 
sources are driven in phase with uniform volume acceleration per unit length. 
However, there is a phase shift for any two neighbouring line elements while the 
amplitudes of volume accelerations for them are kept to be same.  




The phase difference of two neighbouring line elements is 2γ. The pressure field 
generated from a single line element located at the origin is from Equation (6 - 14) as 





kllprp u=  (6 - 26)
where up  is the pressure field generated by a unit length of the element as 
jkr
fu er
qp −= πρ 4
&&
 and q&&  is the volume acceleration per unit length.  
If the spacing 2l is small enough compared to the range r and the wavelength 
considered, the phased lattice may be treated as individual point sources as Figure 6 - 
12(b). 
Therefore, the results, Equations (6 - 19), for N pairs of point sources with phase 
shift can be extended to this case 












+=  (6 - 27)
Substituting ( ) ϑγ cosand2 kllLN ==  into Equation (6 - 27) results in 





+=  (6 - 28)
where ( )rpul  is the pressure field radiated from an imaginary point source in free 
space located at the origin whose volume acceleration is that of the single line element. 




Equation (6 - 28) provides the total pressure generated by a piecewise phased 
line array. The pressure fields are showed in Figure 6 - 13 and Figure 6 - 14 when 
θπϑγγ −=°−=°= or45cosand0 kl , respectively. 
The array consisting of piecewise line elements which are driven all in phase 
°= 0γ  behaves an obvious radiation directivity in the normal direction °= 90θ  of 
array plane as shown in Figure 6 - 13. With the increase of frequency k or length l of 
line element, the radiation directivity of the lattice array is stronger. To obtain a steered 
acoustic beam, each line element is given with a constant driving power in a fixed 
phase shift γ2  between any two neighbouring pairs. Figure 6 - 14 shows that the 
active phased lattice has been steered to angle °45 . 
6.4 2-D finite array 
6.4.1 2-D array of discrete point sources in phase 
The two dimensional array is composed of individual point sources over a planar 
baffle. There are totally 2N×2N point sources with N pairs of point sources in both x-
axis and y-axis directions. 
To investigate the acoustic field from the 2D array, it is needed to first obtain the 
phase difference or path difference between an arbitrary point source located in the 
array plane, say “A2,1”, and the imaginary point source located at the origin of the 
coordinate system. Following the same procedure for deriving the pressure field 
radiated from a linear array of discrete point sources (refer to Figure 6 - 3), the path 
difference is ( ) ( )θφφ sincos 1,222 −+ yxk ; where ( )emx 12 +=  and ( )eny 12 += . 
( ) ( )1,1,, −−−−= NNNnm L . N is the number of point source pairs in x and y 




directions. x and y are the coordinates of current point source “A2,1”. 1,2φ  is the 
circumferential angle of the current point source. In calculating travel time difference, 
it was again assumed that the range r is so large that e/r << 1, making vectors leading 
from different portions of the array to the field point effectively parallel. 
Therefore, the far-field pressure radiated from the point source at “Am,n” is 
approximated in half-space as 
( ) ( ) ( ) θφθφπρθφ sinsin12sincos12, 2,, ++−= njkemjkejkrfnm eeer
Qrp
&&
 (6 - 29)
Each point source is assumed to have the same volume acceleration Q&& . Hence, 
the far-field of 2N×2N point sources elements is constructed by linearly superposing 
the pressure contributions radiated by the respective elements and keeping track of the 
phase shifts between contributions. 

















Nkerprp hs  (6 - 30)
where ( ) jkrfhs er
Qrp −= πρ 2
&&
 is the pressure field in half space generated by a point 
source located at the origin. 
6.4.2 2-D array with continuous point sources in phase 
It is straightforward to give the pressure field radiated from an infinitesimal 
element “ds” located at “Am,n” as 







,,, +−≈ &&  (6 - 31)




Total pressure field from the rectangular 2-D continuous array with length 2Lx 
and 2Ly of two sides is 
















1,, &&  (6 - 32)
Let φθγ cossinkx =  and φθγ sinsinky =  then the above equation may be 
simplified as 















1,, &&  (6 - 33)
Considering that the acceleration ( )yxw ,&&  on a unit area is uniformly distributed 
over the whole 2-D array and is in phase, Equation (6 - 33) reduces to 

















( ) ( ) ( )φθφθ sinsincossin 00 yxhsw kLjkLjrp=  
(6 - 34)
where ( )rphsw  is the pressure field radiated from an imaginary point source in half 
space located at the origin whose volume acceleration is that of the whole planar array.  
The pressure fields from two planar arrays with (1) kLx=kLy=4 and (2) kLx=1 
and kLy=200 are shown in Figure 6 - 16 and Figure 6 - 17.  
Whatever the dimensions of the planar array, the pressure field takes on a 
maximum value ( )rphsw  at °= 0θ . If the array has a large aspect ratio Ly/Lx, being 




small Lx and large Ly, then the Lx-dependent factor can be set equal to unity. The 
pressure field thus approaches that of the linear broadside array.  
6.4.3 2-D array with continuous point sources and a phase shift 
In this section, the pressure field from a phased planar array is investigated. 
Assume that the phase shift is linear along x-axis and y-axis, respectively. The phase 
shifts per unit length in respective directions are said to be xβ  and yβ . The pressure 
field contributed by a small element “ds” located at (x, y, 0) is  







,,, −+−≈ &&  










Again considering that the amplitude of the acceleration amplitude ( )yxw ,&&  is 
uniformly distributed over the whole 2-D array, the pressure field from whole planar 
array is  

















( ) ( )[ ] ( )[ ]yyxxhsw LkjLkjrp βφθβφθ ++= sinsincossin 00  
(6 - 36)
where ( )rphsw  is the pressure field radiated from an imaginary point source in half 
space located at the origin whose volume acceleration is that of the whole planar array.  




Figure 6 - 18 and Figure 6 - 19 show the directivity patterns of the sound waves 
radiated from the 2-D array with phase shifts. It is seen that the directivity pattern can 
be actively adjusted by the phase shifted control signals.  
6.5 Sound reflection from a finite passive reflector 
It is helpful to understand how sound wave is reflected by a 1D reflector or a 2D 
planar reflector before proceeding to analyze the active cancellation of sound 
reflection. 
6.5.1 Sound reflection from a 1-D reflector  
If a plane wave impinges a 1-D reflector with a width “2L” embedded in an 
infinite baffled and anechoic structure as shown in Figure 6 - 20, the reflection can be 
calculated by Huygens’ principle as follows. 
Assume the reflection coefficient of the reflector be “R(α)” which is dependant 
on the incidence angle of incoming sound wave and the properties of the reflector 
itself. The infinitesimal  element “dx” is excited by the incoming wave earlier than the 
elements left to it. Based on the Huygens’ principle, the excited infinitesimal  element 
can be treated as a point source with a strength rq&&  which is related to “R(α)”. It 
radiates the sound upward at a sequence of phase shifting because of oblique wave 
incidence. 








,, −≈ &&  (6 - 37)
where “ αsinkx ” is the excitation path difference of current infinitesimal  element 
“dx” with respect to the element located at the origin for a excited strength rq&&  




(volume acceleration per unit length), while “ θcoskx ” is the radiation path difference 
of current infinitesimal  element “dx” compared to the element located at the origin 
under the current radiation direction, θ. The amplitude of excited strength rq&&  is same 
along the whole width of passive line. 
Therefore, the pressure field radiated by infinite point sources along the whole 
























where ( )rphsrw  is the pressure field radiated from an imaginary point source in half 
space located at the origin whose volume acceleration (excited strength) is that of the 
whole line of passive reflector.  
From Equation (6 - 38), the direction pattern of wave reflection has a maximum 
when 0sincos =+ αθ . It means that the strong reflection occurs at απθ += 2 . It 
explains that the reflection angle equals to the incidence angle in Snell’s law. The 
direction patterns of sound reflection form a 1-D passive model subject to an incoming 
plane sound wave depends on the value of kL. When kL is small (either low frequency 
k or small dimension L of passive reflector), the reflected sound wave propagates 






αθ  for all polar angle θ. 
As the increase of value kL (either high frequency or large dimension of the passive 




reflector), the reflected sound wave has a strong directivity at a particular angle. Figure 









,,lim αθ απθ +=
2
whenonly  (6 - 39)
Equation (6 - 39) demonstrates one characteristic of optic or specular reflection if 
the acoustic frequency is very high. In the far-field range, it represents a reflected 
plane wave propagating at angle απθ +=
2
. 
6.5.2 Sound reflection from a 2-D reflector 
Although the above-mentioned conclusions are drawn based on a 1-D passive 
reflector, they are observed as well for a 2-D passive reflector. 
The sound reflection pattern from a finite passive planar surface (2-D model) for 
a sound wave incidence can be derived based on the sound radiation pattern from a 2D 
planar array as what has done for the sound reflection in 1-D model (Figure 6 - 20). It 
is assumed that: 
• The planar passive surface of “2Lx×2Ly” is embedded in an infinite baffled and 
anechoic structure as shown in  
• Figure 6 - 22; 
• The plane wave is incident on the surface at a polar angle α and a circumferential 
angle β; 
• The sound reflection strength is rq&&  (volume acceleration per unit area) whose 
amplitude is uniform over the planar surface at the incidence angles (α, β). 




Then, the reflected pressure field by the passive surface in the far field is 
expressed as  
( )








 (6 - 40)
where ( )rphsrw  is the pressure field radiated from an imaginary point source in half 
space located at the origin whose volume acceleration (excited strength) is that of the 
whole planar surface.  
Figure 6 - 23 shows the reflection directivity patterns for a given planar passive 
surface with different parameters kLx and kLy. 
It is seen that the reflected wave behaves as plane wave only for the case kLx and 
kLy approach the infinity theoretically. It means that the frequency or wave number 
must be infinite for a given finite planar reflector in order to obtain a pure reflective 
plane wave. The sound wave reflection must be a plane wave from an infinite plate-
like structure. 
6.6 Suppressing of sound reflection using a piecewise bi-layer plate 
A bi-layer plate is composed of an elastic layer of thickness he and a piecewise 
piezoelectric layer of thickness hp as shown in Figure 6 - 24. It is assumed that the 
elastic and piezoelectric layers are in perfect contact as usual. Along the interface 
between the two layers are periodically etched the electrodes with negligible thickness 
on which the constant voltage is applied. Below the piezoelectric layer is a vacuum so 
that the electric potential as well as both normal and tangential tractions on the lower 
surface are zeros. The piezoelectric layer is polarized in the direction normal to the 




elastic/piezoelectric interface, and is composed of PZT4 whose material parameters 
were given in previous Chapter.  
6.6.1 Excitations of the bi-layer plate 
An incident plane wave propagating at an angle α with respect to the normal of 
the bi-layer plate strikes the fluid/solid interface. All 2D governing equations are same 
as in Chapter 4 except that the piezoelectric layer is piecewise here. 
( ) ( )zkxkjinin zxepzxp +−=,  (6 - 41)
where the common factor tje ω is omitted as before and 
αsinfx kk = , αcosfz kk =  and 
f
f C
k ω=  (6 - 42)
In order to suppress the sound reflection due to this incoming plane wave, an 
electric potential, xjk xe−0ϕ , is needed to apply across the piezoelectric layer as 
discussed in Chapter 4. The formal is regarded as the primary excitation, and the latter 
the secondary excitation of the bi-layer plate.  


















−== ∫ 11 0
1
0 ϕϕϕ  (6 - 43)
where l is the length of the cell.  
Letting lkx=β , Equation (6 - 43) can be rewritten as 









ej −−= 10  (6 - 44)
which yields a voltage distribution in x direction as 




n xnlHlnxHx 1ϕϕ  (6 - 45)
where H(x) is the Heaviside step function which is defined as zero for x <0, 1 for x ≥0. 
6.6.2 Pressure field radiated from the bi-layer plate 
Some basic formulas in Fourier transformation are first reviewed to facilitate the 
calculations: 
( ) ( )[ ] ( ) dxexfxfFsf jsx∫∞
∞−
== π2
1~   
and  
( ) ( )[ ] ( ) dsesfsfFxf jsx−∞
∞−
− ∫== ~21~1 π  
(6 - 46)
where F denotes the forward Fourier transform operator. 1−F  denotes the inverse 
Fourier transformation. Other Fourier transform equations used in this chapter are 
listed below 
( )[ ] ( ) xjjsx edsessF ηπηδπηδ −−
∞
∞−
− =−=− ∫ 21211   
and  
(6 - 47)








( )[ ] ( )sfjsxfF ~−=′   
and  
( )[ ] ( ) ( ) ( )sfssfjsxfF ~~ 22 −=−=′′  
(6 - 48)
where f ′  and f ′′  denote the first and second derivatives of ( )xf  with respect to x. 
6.6.2.1 Fourier transformation of dual excitations of the bi-layer plate 
The Fourier transformation about the incident plane wave leads to 






1,~  (6 - 49)
Fourier transformation about the electrical potential function from Equations (6 - 
44) and (6 - 45) produces  






















ksjnl xesK  
(6 - 50)















 (6 - 51)




6.6.2.2 Pressure field in the upper fluid  
The upward or radiated acoustic waves under the dual excitations must satisfy 
the following Helmholtz equation in the field above the bi-layer plate. 
( ) ( ) 0,22 =+∇ zxpk f  (6 - 52)
The Fourier transformation about the upward waves along x direction leads to 
( ) ( ) ( ) 0,~,~ 2222 =−+∂∂ zspskz zsp f  (6 - 53)
The solution of Equation (6 - 53) for upward pressure waves is 
( ) ( ) ( )zsjesPzsp λ−=,~  (6 - 54)
where 
( ) 22 sks f −=λ  with sk f >  (6 - 55)
or 
( ) 22 fksjs −−=λ  with sk f <  (6 - 56)
6.6.2.3 Boundary condition at the solid/fluid interface 
Considering the Fourier transformation of the continuity conditions at the 




~~&ωρ  yields  
( )[ ] ( )swpkps efinz ~~~ &ωρλ =−  (6 - 57)





( ) ( )spp zzin σ~~~ =+−   (6 - 58)
where ew
~&  and zzσ~  are the Fourier transformations of the structural vibration velocity 
and the normal stress at the fluid/solid interface, respectively. 
Substituting Equations (6 - 49) and (6 - 54) into these two equations results in 
( ) ( ) ( ) ( )swjkspksPs efxinz ~2 2ωρδπλ =−−  (6 - 59)
and 
( ) ( ) ( )skspsP zzxin σδπ ~2 −=−+   (6 - 60)
6.6.2.4 Field in the bi-layer plate 
All field variables in the bi-layer plate satisfy the following governing equations 
which are recalled from Equations (4 - 47), (4 - 51), (4 - 55), (4 - 50) and (4 - 48) in 














































































PppPp  (6 - 64)






































p  (6 - 66)
Fourier transformation is performed on all these equations along x directions. It 
leads to 








τωρσ ~~~ 2 +−=∂
∂  (6 - 68)





































φ  (6 - 71)
Define the state variable vector in Fourier transformation as  
( ) ( ) ( ) ( ) ( ) ( ) ( ){ }Txzzzz sswssDssuzs z,~z,~z,~z,~z,~z,~,~ φτσξ =   (6 - 72)
Equations (6 - 67) to (6 - 71) are expressed as a first-order governing equation in 
Fourier transformation: 






































































 (6 - 76)
It is noted that the inverse Fourier transformation has to be performed to obtain 
the final dependent variables.  
Define the state variable vector in Fourier transformation for the elastic layer 
( ) ( ) ( ) ( ) ( ){ }Txzzze zwzzzuz ~~~~~ τσ=ξ  (6 - 77)
Then, a similar first-order governing equation for the elastic layer in Fourier 



















M  (6 - 79)
with 


































M  (6 - 81)
6.6.2.5 Fluid structure interactions 
Considering the boundary-free condition at the lower surface of the bi-layer plate 
and invoking the continuity conditions at the internal interface between the upper 
elastic layer and lower piezoelectric layer lead to the following matrix equation as in 
Equation (4 – 113). 
( )
( )
( ) ( )
( ) ( )
( )











































  (6 - 82)
Invoking the continuity conditions at the solid/fluid interface as in Equation (6 - 
60) yields 
( ) ( )
( ) ( )
( )
( ) ( )
( )
( )










































  (6 - 83)
Therefore together with Equation (6 - 59) and eliminating ( )swe~ , one has 
( ) ( ) ( ) ( ) ( )ssPkspsPsP xin φδπ ~2 21 +−=  (6 - 84)
where 




















−=1  and  
( ) ( )( ) ( )
























−=   (6 - 86)
( ) ( )ssZ ff λ
ωρ=   (6 - 87)
The first term on the right hand side of Equation (6 - 84) refers to the reflected 
sound wave due to incident plane wave in Fourier transformation. The second term on 
the right hand side refers to the radiated wave due to the applied piecewise constant 
electric potential in Fourier transformation. 
6.6.2.6 Upward pressure waves 
To obtain the upward pressure waves, the inverse Fourier transformation is 
needed for Equations (6 - 54) and (6 - 84) as 
( ) ( ) ( )[ ] dseesPzxp jsxzsj −∞
∞−
−∫= λπ2
1,   
( ) ( ) ( )[ ]































With consideration of ( ) zxfx kkkk =−= 22λ , the reflected pressure wave, the 
first RHS term in Equation (6 - 88), is given by 




( ) ( ) ( )( ) ( )
( )
( ) ( ) ( )
( ) ( )









































 (6 - 89)
The radiated pressure wave, the second RHS term in Equation (6 - 88), is given, 
considering Equation (6 - 50), by 
( ) ( ) ( ) ( )
























































  (6 - 90)







⎛ −= λϕ 12  (6 - 91)
The Poisson summation formula is used to evaluate the integration in Equation 
(6 - 90). The formula is given by  






mFnF~  where ( ) ( )∫
∞
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πβ 2−= . 




Inclusive of Equation (6 - 91), Equation (6 - 93) can be simplified as 














⎛ −−= 20 cos12,  (6 - 94)






Equation (6 - 94) shows that the radiated pressure waves due to piecewise 
applied electric potential 0ϕ  consist of infinite plane waves or modes which, however, 
may be radiating and evanescent. The expression ( )mβλ  determines the properties of 
these upward radiating waves.  
From Equation (6 - 55), the propagating modes have to satisfy the conditions 
xmf kl
msk −==> πβ 2 . The modes not satisfying the conditions can be omitted 
because they are localized to the fluid/structure interface.  
Therefore, the range of m for upward radiating modes is  
( ) ( )
ππ 22
xffx kklm
kkl +<<−  (6 - 95)
It is noted that m=0 corresponds the fundamental radiating mode because of xk=0β  
and ( ) zk=0βλ . 
From Equations (6 - 89) and (6 - 94), the following voltage potential referring to 
the fundamental radiating mode will suppress the reflected pressure wave  
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To ensure that only the fundamental radiating mode exists from the bi-layer 














l  (6 - 97)
where fλ  is the wave length of the wave in the upper fluid. α  is the incident angle of 
incoming wave with respect to the normal of the bi-layer plate. 
It shows that the maximum length of the piezoelectric cell depends on the 
maximum frequency of interest as well as incidence angle of incoming wave. 2fl λ<  
when o90=α . 
If the condition is not satisfied or the length of piezoelectric cell is longer than 
fc f 2 , the unwanted upward pressure wave(s) occurs even though the reflective 
pressure wave has been suppressed by the fundamental radiating mode due to applied 
electric potential 0φ  as in Equation (6 - 96). The unwanted radiating pressure waves 
are 



















cos12,  (6 - 98)
Each wave inclusive of the fundamental plane wave propagates at an angle with 
respect to normal of the bi-layer plate as 

















βθ  (6 - 99)
6.6.3 Application examples 
A bi-layer plate consists of one elastic layer and one piecewise piezoelectric 
layer. Their properties refer to Tables 4 – 1 and 4 - 2 in Chapter 4. 
First, the radiation directivity patterns of the bi-layer plate with piecewise 
piezoelectric elements are investigated. The properties of upper fluid are density 1020 
kg/m3 and sound speed 1500 m/s. Taking 5000 Hz as a working frequency, the 
maximum length of each piecewise piezoelectric element should not be larger than 
m15.02 =fC f  to obtain a fundamental radiating mode. The radiated pressure 
satisfies from Equation (6 - 98) 













⎛ −−= 20 cos12, φ  (6 - 100)
To check the radiation directivity of the bi-layer plate, the amplitude of electric 
potential across each piezoelectric element is set to be 10 =φ . ( )θω cosfz ck =  and 
( )θω sinfx Ck = . Comparing with Equation (6 - 22), the phase angles of the applied 
electric potential along x direction refer to the radiation angles without a phase shift. 
Figure 6 - 25 shows the sound radiation from the bi-layer plate at the fundamental 
radiating mode. If the length of the piezoelectric element is increased to m30.0=pl , 
the radiating mode (m=1) occurs besides the fundamental mode, as shown in Figure 6 - 
26.  




To suppress the specular reflection due to plane wave incidence, appropriate 
electric potentials are required based on Equation (6 - 96) in the case of m15.0=pl . 
The electric potentials are shown in Figure 6 - 27. The amplitude and phase of the 
electrical potential depend not only on the properties of the bi-layer plate but also the 
incidence angle of incoming plane wave. Figure 6 - 28 shows the specular reflective 
pressure waves due to the incident plane wave and radiating pressure waves generated 
by the electric potential as calculated in Figure 6 - 27. It is evident that the pressure 
waves from incoming plane waves and applied electric potentials have same 
amplitudes and inverse phase difference. Therefore, they will cancel each other in the 
upper fluid of the bi-layer plate due to the interference or superposition. However, the 
pressure waves of higher or lower modes may exist and still propagate in the upper 
fluid if the length of piezoelectric element is larger than 0.15m even though the 
specular reflection has been cancelled by the fundamental radiating pressure waves. 
Figure 6 - 29 shows all the superimposed upward pressure waves based on wave mode. 
The upward pressure wave corresponding to the fundamental radiating mode (m=0) is 
zero because the radiating pressure wave by the electric potential from Equation (6 - 
96) has cancelled the specular reflective pressure wave. The dash line in the figure 
shows the existence of upward pressure wave corresponding to mode 1. 
6.7 Remarks 
In this chapter, the method to study the oblique sound reflection suppressing 
using a piezoelectric-enabled piecewise bi-layer plate is developed. Firstly, the dual 
excitations (incident plane wave and piecewise electric potential applied onto the 
respective piezoelectric elements) of the bi-layer plate undergo the Fourier 
transformations respectively which convert the problem in piecewise x coordinate 




system into the problem in the wave-number space. Secondly, taking into account of 
sound wave interactions with the bi-layer plate in a rigorous manner and using the 
Fourier transformed forms of field parameters’ results in Chapter 4 result in the 
reflected sound wave due to incident plane wave in the wave-number space as well as 
the radiated wave due to the applied piecewise constant electric potentials in wave-
number space. Finally, the inverse Fourier transformation of these two waves generates 
the upward pressure waves in the x coordinate system again.  



























Figure 6 - 2 Geometry of the pressure field radiated by a point source 
 
 
Origin of coordinates 

































Figure 6 - 4 Directivity pattern of a linear array with number of pairs of point 
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Figure 6 - 6 Directivity pattern of a linear array with wave number 
(n=4, e=0.05 m) 
 















































Figure 6 - 10 Directivity pattern for a discrete phased array 
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b. Equivalent point sources 
 
Figure 6 - 12 A phased array lattice 
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Figure 6 - 14 Pressure field for a lattice array when °−= 45cosklγ  
 



























Figure 6 - 16 Pressure field from a planar array with kLx=kLy=4 
 






























































































Incoming sound wave 












































a. kLx = kLy =1 
 
b. kLx = kLy =10 
 
c. kLx = kLy =100 
Figure 6 - 23 Reflection directivity pattern from a 2-D passive reflector 
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Figure 6 - 27 Electric potential for suppression of sound reflection 










Figure 6 - 28 Radiating and reflective pressure waves, 1=inp  Pa, lp =0.15m  





Figure 6 - 29 Upward pressure waves based on each mode, lp = 0.30 m 
Chapter 7 
Vibration response of an elastic structure with passive 
damping treatment 
7.1  Introduction 
In previous chapters, the investigation focuses on the interactions of acoustic 
waves and infinite passive or active plate-like compliant structures. In this chapter, a 
refined approach is presented for vibration response analysis of a beam with passive 
constrained layer damping (PCLD) patches, where a viscoelastic damping layer is 
bonded to the vibrating structures, in a constrained configuration, to attain high 
damping ratios.  
The chapter comprises five sections. In Section 7.2, the governing equations of 
motion are derived based on Lagrange equation and the assumed modes method. The 
basic kinematic relationships and the energies of base beam and PCLD patch are 
presented. In Section 7.3, three admissible functions are proposed to discretize the 
transverse and longitudinal displacements of base beam as well as the longitudinal 
displacement of constraining layer, respectively. In Section 7.4, several numerical 
examples are given to illustrate the accuracy of proposed refined approach in vibration 
response analysis of the damped beam with single partial PCLD patch. Through the 
case studies using the conventional analytical approach, proposed analytical approach 
and finite element method, it is found that the refined approach has an excellent 
accuracy for commonly used VEMs in PCLD patch while the conventional analytical 
approach will overestimate the damping effects. The conventional analytical approach 
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refers that the displacement constraint equations between the constraining layer (CL) 
and beam are used prior to employing the energy principle to all layers of the beams 
(Huang et al 1996, Liu and Wang 2000). Finally in Section 7.5, some concluding 
remarks are summarized.  
7.2 Governing equations 
The theory from Mead and Markus (1969) to describe the vibration of a three-
layer system is adopted. That theory assumes: 
• Face-layers, constraining layer and base beam, are purely elastic and suffer 
no shear deformation normal to the layer faces.  
• VEM layer carrying transverse shear without direct stresses is linearly 
viscoelastic and has the complex shear modulus ( )vsvv jGG η+= 1  with Gsv, 
vη  and j denoting the storage shear modulus, loss factor and imaginary 
symbol 1− , respectively. 
• The inertial effects of transverse flexural motion are dominant while the in-
plane inertial effects (longitudinal and rotary inertia) are negligible. 
• The transverse displacements w of all points on a cross-section are equal 
because transverse direct strains in both VEM and face-layers are 
neglected. 
• No slip occurs at the interfaces of the VEM and face-layers. 
• Only harmonic, steady state vibration is considered. 
7.2.1 Basic kinematic relation 
The kinematic relations between the three layers are given by 
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∂=ε  (7 - 3)
where ( ) 2bcv hhhd ++= . x∂∂ denotes the partial derivative with respect to x. u and 
w denote the longitudinal and transverse displacements, respectively. h denotes the 
thickness of the different layer in the structure. Subscripts b, c, and v refer to base 
beam, constraining layer and VEM layer respectively. Subscript m denotes the mid-
surface of the corresponding layers. Some of these parameters are labeled in Figure 7 - 
1. For simplification of expressions, subscript m is omitted hereafter. The shear strain 
of VEM layer is denoted by γv. ε denotes the normal strain, z the coordinate of a layer 
in z-direction.  
As shown in Figure 7 - 1, the origin of the z axis is located at the central plane of 
the base beam. The origin of x-axis is located at the left end of the base beam. The x 
and z axis are parallel to the edges of the base beam along it length and thickness, 
respectively. The length of the beam is L and the thickness h. The location and size of 
the PCLD patch is defined by the left edge x1 (staring point) and right edge x2 (ending 
point).  
7.2.2 Energies of a PCLD system 
The strain energies (U), kinetic energies (T) of the layers as well as the work 
done by the external transverse load f(x, t) (WL) are  
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wBhT ρ  (7 - 9)
( ) ( )dxtxwtxfW LL ,,
0
∫=  (7 - 10)
where ρ is the density, E the Young’s modulus, I the moment of inertia, and t∂∂  
denotes the partial derivative with respect to time. B is the uniform width of the beam 
structure. L denotes the length of base beam originating at x=0. x1 and x2 stand for the 
starting and ending coordinates of the PCLD patch on base beam in x direction. 
7.2.3 Assumed modes method  
The assumed modes method is followed to deal with the energy expressions (7 - 
4) -(7 - 10). Assumed modes, which are in terms of generalized coordinates, are 
applied for expanding the unknown parameters in the equations.  
There are three unknown variables in these expressions. Two of them are the 
transverse and longitudinal displacements of base beam, w and ub, and another is the 
Chapter 7 Vibration response of an elastic structure  
with passive damping treatment 
 
230
longitudinal displacement of constraining layer, uc.. Lam M. J. (1997) chose the 
displacement functions for each variable but the shear angle instead of uc was used 
without explicit selection of these displacement functions. In conventional analytical 
approach, only two unknown variables, transverse and longitudinal displacements of 
base beam, are used together with the longitudinal displacement relationship between 
base beam and constraining layer. The two transverse and the longitudinal 
displacement variables are expanded as  






, η  (7 - 11)







, ξ  (7 - 12)
The third set of admissible function is proposed to expand and discretize the 
longitudinal displacement of constraining layer. The new admissible function is used 
to substitute the longitudinal displacement relationship between base beam and 
constraining layer in conventional analytical approach. The longitudinal displacement 
of constraining layer is assumed and expanded as  






, ξ  (7 - 13)
where superscript T denotes the transpose of a vector. nbw, nbu and ncu are the numbers 
of modes selected for mode superposition in assumed modes method. Their values are 
determined according to the numerical accuracy required. The admissible functions, 
W(x), Ub(x) and Uc(x), are chosen for each generalized coordinate, η(t), ξb(t), and ξc(t), 
respectively. Substituting Equations (7 - 11), (7 - 12) and (7 - 13) into the energy 
equations lead to 
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ηη && bTbT 22
1 M= ; ηη && cTcT 22
1 M= ; ηη && vTvT 22
1 M=  (7 - 14)































































































and the dot indicates derivative with respect to time. The subscript x denotes one 
derivative, xx two derivatives and xxx three derivatives with respect to x, respectively. 
7.2.4 Lagrange’s equation 
Lagrange’s Equation is used to derive the equations of motion. The basic form of 
Lagrange’s equation is 
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t &  (7 - 18)
where LWUTL +−= . ( )tqi  describes system’s position at time t. 
The Lagrangian is given as ( ) LcvbcvbL WUUUTTTWUTL +++−++=+−= . 
Applying Lagrange’s equation (7 - 18) to equations (7 - 4) -(7 - 10) and (7 - 15) ~ (7 - 
17) and taking the partial derivatives of the equations of kinetic and potential energies 
with respect to the displacements and velocities of the generalized coordinates, the 
following set of equations is obtained. 





















































































 (7 - 19)
Assume that a harmonic transverse concentrated load, ( ) ( )ff xxftxf −= δ0, , is 
applied at xf of the base beam, f0 is the amplitude of the external load. As usual, the 
common term for time harmonics tie ω  is omitted. Then the load on right-hand-side in 
Equation (7 - 19) becomes 




, δ  (7 - 20)
The steady state response of the beam is harmonic since the system is linear. The 
amplitudes of generalized coordinates can be represented as  
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η  (7 - 21)
Substituting Equation (7 - 21) into (7 - 19) leads to the following governing 
equations. 















ηMK ω  (7 - 22)
where M and K are the integrated mass and stiffness matrices in Equation (7 - 19).  
The final transverse displacements in physical coordinate system at the 
observing point xo are obtained upon having the generalized coordinates from equation 
(7 - 22) as 
( ) ηWT xxo otxw ==,  (7 - 23)
7.3 Selection of admissible functions  
To solve the governing equations (7 - 22), different admissible functions are 
chosen for base beam with different boundaries. Fasana et al (2001) ever adopted 
polynomials as admissible functions to seek the mode shapes, frequencies and loss 
factors of a fully covered sandwich beam using Rayleigh-Ritz method. They used the 
same admission function to express the longitudinal displacements of base beam and 
constraining layer although the admission function varied with the boundary 
conditions of the base beam.  
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In the refined approach of this chapter, the different admission functions are 
selected to express the longitudinal displacements of base beam and constraining layer 
based on two kinds of base beams. The transverse and longitudinal mode shape 
functions of the base beam in corresponding boundary conditions are chosen for the 
admission functions of the transverse and the longitudinal displacements of base beam. 
The present study is restricted to partial CLD treatment. While the constraining layers 
are free at both ends and connected with the viscoelastic core layer at their lower 
surfaces, the longitudinal mode shape function of free-free beam is chosen for the 
admission function of the longitudinal displacement of constraining layers. 
For a cantilever base beam, the following transverse and longitudinal mode 
shape functions of base beam are selected for admissible functions. 
( ) ( ) ( ) ( ) ( )[ ]xxxxxW iiiiii ββγββ coshcossinhsin −+−=  (7 - 24)





π  (7 - 25)
where βi are the roots of the characteristic equation ( ) ( ) 1coshcos −=• LL ii ββ  and are 
expressed as 
875.11 =Lβ ; 694.42 =Lβ ; ( ) ( )L,4,35.0 =−= iiLi πβ  
( ) ( )











For a simply supported base beam, the following admissible functions are used.  
( ) ( ) L,2,1;;sin === iLixxW iii πββ  (7 - 26)





π ;  (7 - 27)
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The admissible function for constraining layer is the longitudinal mode shape 
function of the free-free beam regardless of the base beam boundary conditions. 









π  (7 - 28)
where mcL  is the length of the m
th constraining layer patch.  
7.4 Application examples 
The base beam is aluminum with Young’s modulus Eb=70GPa and 
density 3mkg2710=bρ . The constraining layer’s properties are Ec=49GPa 
and 3mkg7500=bρ . The frequency-independent VEM properties are assumed in 
case studies. Two kinds of VEMs are chosen: one is “soft” VEM and the other is 
“hard” VEM. Both have same densities 3mkg1000=vρ . Their complex shear 
moduli are ( )jGv 46.1110896.0 6* +×=  Pa and ( )jGv 46.111089.9 6* +×=  Pa, 
respectively. 
The geometrical dimensions of the beam follows those adopted by Gao’s model 
for comparison. L=0.4 m, B=0.03m, hb=4 mm, hc=2 mm and hv=1 mm. The frequency 
response at an observing point, x=xo, subject to a point force at a given excitation 
location, x=xf, is investigated using the refined analytical and conventional analytical 
approaches, respectively. In the case of the cantilever beam, both points where 
excitation and observation apply locate at the tip of the beam, xf =xo=L. In the case of a 
simply supported beam, both points locate at the middle of the beam, xf =xo=L/2. The 
numbers of mode used for mode superposition in the assumed modes method are 
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5== bubw nn  and 15=cun . The magnitude of the applied external load is set to be 
10 =f Newton. 
All results are compared with those from ANSYS, a finite element method (FEM) 
code, because FEM model applies the strict 3D elasticity theory including the damping 
effects of material properties. Before FEM is applied for validation of the analytical 
approaches, a lot of work has been carried out (Cai et al, 2002) to show the correctness 
and effectiveness of FEM which includes the comparison with the experimental results 
from open literatures. The solid lines in the all figures hereafter denote the results 
calculated with the refined analytical approach. The dash lines denote the results from 
conventional analytical approach. The black circles represent the numerical results 
from finite element method.  
For a beam with single PCLD patch at a partial coverage rate 5% (x1=0.19 m and 
x2=0.21m), the refined analytical and conventional analytical approaches give almost 
same frequency response for the “soft” VEM in Figure 7 - 2 and Figure 7 - 3. However, 
it is found, for the “hard” VEM, that the conventional analytical approach 
overestimates the damping effects of a partial covered PCLD patch as shown in Figure 
7 - 4 and Figure 7 - 5. However, both approaches predict the same response at first 
resonant frequency of the beam vibration system. The discrepancy in damping effects 
for two approaches appears mainly at higher resonant frequencies. 
For a beam with single PCLD patch at a partial coverage rate 97.5% (x1=0.005m 
and x2=0.395m), the overestimation of damping effects of the conventional analytical 
approach is obviously observed regardless of simply supported or cantilever beams in 
Figure 7 - 6 and Figure 7 - 7. First, in the stiffness control region of Figure 7 - 6 for 
simply supported beam, the vibration responses from the refined analytical approach 
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and FEM are higher than those from the conventional analytical approach. It is 
attributed to the existence of the extra constraint due to the relationship between the 
longitudinal displacements of base beam and constraining layer in the conventional 
analytical approach. The constraint leads to higher stiffness of the beam structure, 
which accordingly results in the smaller response in the stiffness control region. 
Adoption of free-free mode shape function as the third admissible function for 
constraining layer in the refined analytical approach can represent more accurately the 
actual vibration characteristics of the damped beam.  
If “hard” VEM is used with the same coverage rate of 97.5%, Figure 7 - 8 shows 
the big discrepancy between the conventional analytical and refined analytical results 
for a simply supported beam. The refined analytical approach presents much more 
accurate prediction of vibration response of the damped beam in the frequency range 
of interest than the conventional analytical approach compared to FEM results. For a 
damped cantilever beam, the frequency response calculated with refined analytical 
approach has a good agreement with the FEM results as well as shown in Figure 7 - 9. 
It means that the refined analytical approach can predict the vibration response of the 
base beam with a big partial PCLD patch with either “soft” or “hard” VEM more 
accurately than the conventional analytical approach. The latter is obvious of less 
accuracy for the damped vibration analysis of the beam with a large PCLD patch 
coverage. 
As a case study, the shear modulus of VEM layer is assumed to be 
( )jGv 46.11101 9* +×= Pa (named as extremely “hard”). The frequency responses from 
the refined analytical and conventional analytical approaches as well as FEM are 
shown in Figure 7 - 10and Figure 7 - 11. It is noted that for both simply supported and 
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cantilever beams the refined analytical approach achieves better prediction accuracy 
than the conventional analytical approach. Meantime, it is observed that the 
conventional analytical approach can predict the vibration response of a damped beam 
with extremely “hard” VEM layer in PCLD patch more accurately than that with a 
“hard” or “soft” VEM layer in PCLD patch. 
The shear moduli range from 0.2MPa to 1.1MPa for commonly used 3M 
viscoelastic damping polymers. In other words, the commonly used VEMs belong to 
either “soft” or “hard” VEM’s type in this Chapter. Therefore, the refined analytical 
approach can predict the vibration response of the damped beam with single PCLD 
patch more accurately than the conventional analytical approach.  
7.5 Remarks 
The Chapter presents an analytical approach for vibration response analysis of a 
cantilever or simply supported base beam with single partial PCLD patch. Applying 
assumed-modes method after application of the energy approach and Lagrange 
equations, the discretized governing equations of motion are established. The refined 
analytical approach differs with the conventional analytical approach in that the third 
admissible function is introduced to represent the longitudinal displacements of 
constraining layer. The longitudinal vibration mode shape function of a free-free beam 
is used for this third admissible function. The comparisons among the results from the 
refined analytical and the conventional analytical approach as well as FEM reveal that 
the refined analytical approach can predict the vibration response of the cantilever or 
simply supported beam with single partial PCLD patch more accurately in the 
frequency range of interest for commonly used viscoelastic materials in the patch.  
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If the PCLD patch coverage rate is small and the VEM in the patch is “soft” 
(small shear modulus), both refined analytical approach and conventional analytical 
approach can accurately predict the vibration response of a damped simply supported 
or cantilever beam. However, if the VEM in the patch is “hard” (larger shear modulus), 
the refined analytical approach has an accurate prediction while the conventional 
analytical approach overestimates the damping effects of the PCLD patch for two 
kinds of beams for vibration at higher resonant frequencies.  
If the PCLD patch coverage rate is large and the VEM in the patch is “soft”, the 
refined analytical approach can accurately predict the vibration response of a damped 
simply supported beam in the frequency range of interest, while the conventional 
analytical approach overestimates the damping effects of the PCLD patch. If the VEM 
layer in PCLD patch is “hard”, the refined analytical approach also behaves more 
accurate in the frequency range of interest than the conventional analytical approach.  
The case study shows that the conventional analytical approach only works 
better for extremely “hard” VEM layer in the PCLD patch than for “hard” or “soft” 
VEM layer in the patch. 
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Figure 7 - 1 A section of a sandwich beam with the deformed section 




Figure 7 - 2 Frequency response of a simply-supported beam with “soft” VEM 
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Figure 7 - 3 Frequency response of a cantilever beam with “soft” VEM 





Figure 7 - 4 Frequency response of a simply-supported beam with “hard” VEM 
(x1=0.19 m, x2=0.21 m) 
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Figure 7 - 5 Frequency response of a cantilever beam with “hard” VEM 





Figure 7 - 6 Frequency response of a simply-supported beam with “soft” VEM 
(x1=0.005 m, x2=0.395 m) 
 
 
Chapter 7 Vibration response of an elastic structure  







Figure 7 - 7 Frequency response of a cantilever beam with “soft” VEM 





Figure 7 - 8 Frequency response of a simply-supported beam with “hard” VEM 
(x1=0.005 m, x2=0.395 m) 
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Figure 7 - 9 Frequency response of a cantilever beam with “hard” VEM 





Figure 7 - 10 Frequency response of a simply supported beam with 
extremely “hard” VEM (x1=0.005 m, x2=0.395 m) 
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Figure 7 - 11 Frequency response of a cantilever beam with extremely 




Vibration response of an elastic structure with active 
damping treatment 
8.1  Introduction 
In PCLD treatments, viscoelastic damping layers are bonded to the vibrating 
structures, in a constrained configuration, to attain high damping ratios as shown in 
Chapter 7. To achieve higher damping ratios in a broad range of frequency, multiple 
constrained damping layers may be used. However, such performance is obtained at 
the expense of adding considerable weight to the vibrating structure. It poses a 
limitation to their practical applications where the weight is of critical importance. As 
introduced in Chapter 1, alternatively, the active constraining layer damping (ACLD) 
treatment is applied in which the conventional elastic constraining layer in PCLD is 
replaced by a piezoelectric layer.  
In this chapter organized in five sections, the response of a beam with ACLD 
treatments is presented under both mechanical and electric excitations. The whole 
procedure to analyze the vibration response of a beam with ACLD patch is same as 
that in Chapter 7. The governing equations are obtained from the basic kinematic 
relations using energy equations, assumed modes method and Lagrange’s equation. 
Viscoelastic effects are accounted for in the equations of motion using complex 
modulus model. Due to the dual excitations, the difference between PCLD and ACLD 
treatments comes in the energy expressions associated with the applied electric 
potential and the generated electric charge on the electrode of the PZT constraining 
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layer. In addition, one more assumed mode is adopted to represent the applied electric 
potential. 
In Section 8.2, the energy expressions of piezoelectric constraining layer are first 
investigated in order to apply Lagrange’s Equation to obtain the governing equations 
of the beam with an ACLD patch. The potential energy of the piezoelectric layer is 
composed of two parts. One is contributed by the elastic potential energy with 
consideration of the coupling between elastic and piezoelectric fields. The other is 
contributed by the electric potential energy. The external work done by the electric 
bound charges on the electrode is given as well. Assumed modes method is used to 
discretize the energy equations and Lagrange’s equation is applied to obtain the 
equations of motion for different treatments. In Section 8.3, the analytical model in the 
conventional approach is presented as comparison. And in Section 8.4, some numerical 
examples are given to demonstrate the effectiveness of refined approach’s application 
for the ACLD treatment. Finally in Section 8.5, some concluding remarks are drawn.  
8.2 Governing Equations 
The following assumptions are made in deriving the model with ACLD 
treatment:  
• Face-layers, constraining layer and base beam suffer no shear deformation 
normal to the layer faces.  
• Passive damping is only generated by the shear deformation of VEM. 
• VEM layer carrying transverse shear without direct stresses is linearly 
viscoelastic and has the complex shear modulus ( )vsvv jGG η+= 1  with Gsv, 
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vη  and j denoting the storage shear modulus, loss factor and imaginary 
symbol 1− , respectively. 
• The inertial effects of transverse flexural motion are dominant while the in-
plane inertial effects (longitudinal and rotary inertia) are negligible. 
• The transverse displacements w of all points on a cross-section are equal 
because transverse direct strains in both VEM and face-layers are 
neglected. 
• No slip occurs at the interfaces of the VEM and face-layers. 
• Applied voltage is assumed uniform along the PZT. 
• Only harmonic, steady state vibration is considered. 
• Linear theories of elasticity, viscoelasticity, and piezoelectricity are used. 
8.2.1 Basic kinematic relationships 







































∂=ε  (8 - 3)
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where subscript p refers to piezoelectric constraining layer. All other subscripts have 
the same meaning as in Chapter 7. 
8.2.2 Energies of a ACLD system 
The strain energies (U), kinetic energies (T) of the base beam as well as VEM 
core have same expressions as in Chapter 7. However, the energy expressions for PZT 
constraining layer need to be obtained due to the coupling of elastic and piezoelectric 
fields. In addition, the work term includes not only the work (WL) done by the external 
transverse load f(x, t) but also the work done by the applied electric potential.  
The potential energy of the piezoelectric layer is composed of two parts. One is 
contributed by the elastic potential energy with consideration of the coupling between 
elastic and piezoelectric fields. The other is caused by the electric potential energy. 






 (8 - 4)
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The second part of potential energy of the piezoelectric constraining layer is the 
























1 ED  (8 - 7)
Combination of the elastic potential energy and the electric energy results in 
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E Φ−=  (8 - 9)
where Φ is the voltage difference at two electrodes of the constraining piezoelectric 
layer. 
Substituting Equation (8 - 9) into (8 - 8) leads to 
Chapter 8 Vibration response of an elastic structure 





























































 (8 - 10)










wBhT ρ  (8 - 11)
The external work done by the electric charges on the electrode is 
QWE Φ−=  (8 - 12)
where Q is bound charge on the upper or lower electrode of the piezoelectric layer.  
The minus sign occurs for the electric energy and work because in the variational 
principle for the electromechanical layer it has been proven that effective electric 
energy is opposite in sign to that of elastic potential energy (Tiersten 1969). 
Beside the work due to the electric charges as Equation (8 - 12), the work by the 
applied mechanical force is 
( ) ( )dxtxwtxfW LL ,,
0
∫=  (8 - 13)
where ρ is the density, E the Young’s modulus, I the moment of inertia, and t∂∂  
denotes the partial derivative with respect to time. B is the uniform width of the beam 
structure. L denotes the length of base beam originating at x = 0. x1 and x2 stand for the 
starting and ending coordinates of the ACLD patch on base beam in x direction. 
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8.2.3 Assumed Modes Method  
The assumed modes method is followed to discretize the energy expressions. 
Assumed modes, which are in terms of generalized coordinates, are applied for 
expanding the unknown parameters in the equations.  
There are four unknown variables in these expressions. Three of them are the 
mechanical displacements in which two of them are the transverse and longitudinal 
displacements of base beam, w and ub, and another is the longitudinal displacement of 
constraining layer, up.. Following the same concept proposed in Chapter 7, three 
admission functions for displacements are adopted. The two transverse and the 
longitudinal displacement variables are expanded as Equations (8 - 14) and (8 - 15). 
The longitudinal displacement of constraining PZT layer is expanded as Equation (8 - 
16). To cater for the fourth unknown variable, the applied electric potential, one more 
admission function is used as Equation (8 - 17). The admission function ( )tx,Φ  is 
independent on x-coordinate for the PZT constraining layer. 
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, ξ  (8 - 16)
( ) ( )ttx 0, ϕ=Φ  (8 - 17)
where superscript T denotes the transpose of a vector. nbw, nbu and np are the numbers 
of modes selected for mode superposition in assumed modes method. Their values are 
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determined according to the numerical accuracy required. The admissible functions, 
W(x), Ub(x) and Up(x), are chosen for each generalized coordinate, η(t), ξb(t), and ξp(t), 
respectively. The electric potential function ( )t0ϕ  is chosen for the generalized electric 
coordinate. ( )t0ϕ  represents the physical voltage difference at two electrodes of the 
piezoelectric layer. 
Substituting Equations (8 - 14) to (8 - 17) into the kinetic and potential energy 
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And 
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(8 - 20)
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8.2.4 Lagrange’s Equation 
As in Chapter 7, Lagrange’s Equation is used to derive the equations of motion 
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q  (8 - 22)
The Lagrangian is given as 
( ) ( )Epvbpvb WWUUUTTTL ++++−++=  (8 - 23)
Substituting Lagrangian (8 - 23) into Lagrange’s Equation (8 - 21) and taking the 
partial derivatives of the kinetic and potential energy of equations with respect to the 
displacements and velocities of the generalized coordinates, the following set of 
equations is obtained. 
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The first three questions are referred to as the actuator equations and the fourth 
as the sensor equation of the electro-mechanical system. For a beam with voltage 
driven piezoelectric patch, only first three equations are needed to obtain the 
generalized displacement coordinates. The governing equation (8 - 32) becomes 












































































 (8 - 33)
where 0ϕ  is the voltage difference applied onto the electrodes of the PZT patch as 
mentioned above. 
When the PZT patch is used as sensor, it is necessary to solve the coupled 
system, Equation (8 - 32), in order to find both the generalized displacement and 
electrical coordinates simultaneously. 
The steady state response of the beam with ACLD patch is harmonic since the 














q  (8 - 34)
Substituting equation (8 - 34) into (8 - 32) leads to the following governing 
equation using assumed modes method. 
Chapter 8 Vibration response of an elastic structure 
 with active damping treatment 
 
257


















2ω  (8 - 35)
where M and K are the assembled mass and stiffness matrices in Equation (8 - 35).  
The final transverse displacements in physical coordinates at the observing point 
xo can be obtained upon having the generalized coordinates from Equation (8 - 35) as 
( ) qWT xxo otxw ==,  (8 - 36)
8.3 Governing equations for conventional analytical mode 
As comparison, the analytical model in the conventional approach is introduced 
here. Two admission functions of Equations (8 - 14) and (8 - 15) are adopted  






, η  (8 - 37)







, ξ  (8 - 38)
Beside, a relationship between the longitudinal displacements of base beam and 
PZT constraining layer is created based on the equilibrium of the beam section in the 
x-direction, referring to Figure 8 - 1. 
Examining a cut piece of the structure and enforcing the equilibrium of the beam 
section in the x-direction yields because each layer is in static equilibrium in the x-
direction with consideration of negligence of the axial inertia effects. 
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And 
dxGdxT vγτ ==  (8 - 41)
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Substituting Equations (8 - 37), (8 - 38) and (8 - 42) into the potential energy 

































































































































































































































































































E 0ϕ−=  in Equation (8 - 46) results in 
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312 WL ; ( )12333 xxh
BL S
p
e −∈=  
and the dot indicates derivative with respect to time. The subscript x denotes one 
derivative, xx two derivatives and xxx three derivatives with respect to x, respectively. 
Applying Lagrange’s equation to all energy expressions and taking the partial 
derivatives of the kinetic and potential energy of equations with respect to the 
displacements and velocities of the generalized coordinates, the following set of 
equations is obtained. 































∂  (8 - 50)
( ) 016542111 ϕTepppppvbL LξKηKξKηKξKξKξKξ −−+−+−−−=∂
∂  
 ( ){ } ( ) 016411152 ϕTepppvbpp LξηKKKKKKK −⎭⎬
⎫
⎩⎨
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In matrix form 
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If the voltage is specified across the electrodes of the piezoelectric layer, the 
equation can be rewritten as  
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For a harmonic analysis, 
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8.4 Application examples 
The schematics of two types of beam with a partial ACLD patch are shown in 
Figure 8 - 2. The base beam is aluminum with Young’s modulus Eb = 70 GPa and 
density 3mkg2710=bρ . Its length, width and thickness are L = 0.4 m, b = 0.03 m 
and hb = 0.004 m, respectively. The frequency-independent VEM properties are 
assumed in case studies. Its complex shear modulus is ( )jGv 46.1110896.0 6 +×=  Pa 
and density 3mkg1000=vρ . Piezoelectric layer, PZT-4, is used as a constraining 
layer with the following properties. Young’s modulus is 101045.6 ×=cE  Pa and 
density 3mkg7500=cρ . Piezoelectric stress constant is 203.531 −=e  (coulomb/m2) 
and permittivity constant at constant mechanical strain 1233 1085.8635
−××=∈  
(farads/m). The thickness of the VEM core and PZT layer is hv = 0.001 m and hc = 
0.002 m, respectively. The loss factors of base beam and PZT constraining layer are 
assumed to be 0.001 both. The origin of x- axis is located at the leftmost end of the 
beam. For the cantilever beam, both points where excitation and observation apply 
locate at the tip of the beam, xf =xo=L. For the simply supported beam, both points 
locate at the middle of the beam, xf =xo=L/2, as shown in Figure 8 - 2. The location of 
the ACLD patch is determined by its starting and ending coordinates, x1 and x2, 
respectively. The frequency response at an observing point, x = xo, subject to a point 
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force tje ω1  at a given excitation location, x = xf, is investigated using the proposed 
analytical, conventional analytical and finite element approaches, respectively. The 
frequency response of beam is observed in the lower frequency range (1~400 Hz) 
because ACLD treatment is, in general, used to control the structural vibration in low 
frequency.  
Table 8 - 1 gives the material parameters of VEM layer, the voltages applied on 
to piezoelectric constraining layer, the boundary conditions of the base beam and the 
geometrical parameters of ACLD patch in the case studies. 
It is seen from Figure 8 - 3 to Figure 8 - 10 that the calculated results from three 
approaches agree with each other when the ACLD patch is located onto the base beam 
from 0.19m to 0.21m (coverage rate 5%) for both “soft” and “hard” VEM layers and 
for both ϕ0 =0 and ϕ0 =200 + j 200 (V).. When the ACLD patch is located from 0.05m 
to 0.3m (coverage rate 62.5%), Figure 8 - 11 to Figure 8 - 18 show that the results 
from the refined approach proposed in Chapter 7 are much close to the results from 
finite element method. Similar to the conclusion from Chapter 7, the conventional 
analytical method overestimates the damping effects when it is applied in the field of 
ACLD patch treatment.  Furthermore, Figure 8 - 15 to Figure 8 - 18 show that the 
conventional analytical method will make much error when it is used to analyze the 
vibration of beams with an ACLD patch with the control voltage applied, especially in 
the higher frequency range. 
8.5 Remarks 
The chapter extends the refined approach proposed for vibration response 
analysis of a base beam with partial PCLD patches in Chapter 7 into that with partial 
ACLD patches. The fourth admissible function is used to represent the applied electric 
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potential. The comparisons among the results from the refined and the conventional 
analytical approach as well as commercial FEM code reveal that the refined approach 
can predict the vibration response of the cantilever or simply supported beam with 
single partial ACLD patch more accurately in the frequency range of interest.  
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(b). A simply-supported base beam  
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Figure 8 - 3 Frequency response of a simply-supported beam with “soft” 





Figure 8 - 4 Frequency response of a simply-supported beam with “soft” 
VEM and ϕ0 = 200+ j 200 Vol (x1=0.19 m, x2=0.21 m) 
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Figure 8 - 5 Frequency response of a cantilever beam with “soft” VEM 





Figure 8 - 6 Frequency response of a cantilever beam with “soft” VEM 
and ϕ0 = 200+ j 200 Vol (x1=0.19 m, x2=0.21 m) 
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Figure 8 - 7 Frequency response of a simply-supported beam with “hard” VEM 





Figure 8 - 8 Frequency response of a simply-supported beam with “hard” VEM 
and ϕ0 = 200+ j 200 Vol (x1=0.19 m, x2=0.21 m) 
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Figure 8 - 9 Frequency response of a cantilever beam with “hard” VEM 





Figure 8 - 10 Frequency response of a cantilever beam with “hard” VEM 
and ϕ0 = 200+ j 200 Vol (x1=0.19 m, x2=0.21 m) 
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Figure 8 - 11 Frequency response of a simply-supported beam with “soft” VEM 





Figure 8 - 12 Frequency response of a simply-supported beam with “soft” VEM 
and ϕ0 = 200+ j 200 Vol (x1=0.05 m, x2=0.30 m) 
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Figure 8 - 13 Frequency response of a cantilever beam with “soft” VEM 





Figure 8 - 14 Frequency response of a cantilever beam with “soft” VEM 
and ϕ0 = 200+ j 200 Vol (x1=0.05 m, x2=0.30 m) 
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Figure 8 - 15 Frequency response of a simply-supported beam with “hard” VEM 





Figure 8 - 16 Frequency response of a simply-supported beam with “hard” VEM 
and ϕ0 = 200+j200 Vol (x1=0.05 m, x2=0.30 m) 
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Figure 8 - 17 Frequency response of a cantilever beam with “hard” VEM 





Figure 8 - 18 Frequency response of a cantilever beam with “hard” VEM 
and ϕ0 = 200+ j 200 Vol (x1=0.05 m, x2=0.30 m) 
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Table 8 - 1 Parameters used in the case studies 
Simply-supported  Cantilever  
VEM ϕ0 
(Vol) x1(m) x2(m) x1(m) x2(m) 
0 “Soft” 200+j200 
0 “Hard” 200+ j 200 
0.19 0.21 0.19 0.21 
0 “Soft” 200+ j 200 
0 “Hard” 
200+ j 200 
0.05 0.30 0.05 0.30 
 
Note:  The shear modulus of “Soft” and “Hard” VEMs are 896.0=svG  MPa 
and 89.9=svG  MPa, respectively.  
 
 Chapter 9 
Conclusions and recommendations 
9.1 Summary and Conclusions 
It is imperative that the accurate prediction of the acoustic wave interactions with 
fluid-loaded passive or piezoelectric-enabled compliant structures. As effective 
vibration suppression means, the damping effects of applied PCLD/ACLD patches are 
needed to be accurately predicted to guide the correct design in practice. The work in 
this thesis covers two parts: 
• Development of exact methods to predict sound transmission and reflection 
by infinite compliant plate-like structures immersed in fluids, subjected to 
an incident plane wave, with consideration of the coupling between the fluid 
and structure in a rigorous manner; 
For a submerged and multilayered elastic structure subject to a plane sound wave 
excitation elastic, a matrix formulation, which may have a stack of arbitrary number of 
anisotropic or isotropic layers, is derived to obtain the transmission and reflection 
coefficients in the frequency domain. The effects of anisotropic material properties of 
the composite structure on the sound reflection are discussed.  
For an infinite two-layer piezoelectric-enabled structure, the second-order 
ordinary differential equation is transformed to a first-order ordinary differential 
equation. Mode superposition method is applied to obtain solutions of the first-order 
ordinary differential equation with consideration of the upward and downward waves’ 
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separation. After a surface impedance matrix for a single layer is evaluated, a simple 
recursive algorithm which is numerically stable can be obtained to evaluate the surface 
impedance matrix for many layers, if any. Upon having the surface impedance 
matrices for piezoelectric and elastic layers together with the application of continuity 
conditions between interfacial surfaces inside the structure and between structure and 
the surrounding fluid, the sound reflection and transmission can be calculated in 
principle. The results from case studies show that the sound waves from the layered 
structure can be separated into two parts. The first part is contributed to the plane 
specular sound reflection due to an incident plane wave. The second part is contributed 
to the plane sound wave radiated from the piezoelectric-enabled structure subject to an 
electric potential applied across the piezoelectric layer. Therefore, the electric potential 
needed to fully suppress the specular sound reflection from the structure can be 
obtained.  
For multilayered piezoelectric-enabled structures, the transfer matrix approach is 
proposed to investigate the acoustic wave interaction with the structures. Through the 
investigation of wave propagation in the piezoelectric, elastic layers and the fluids, the 
transfer matrices of respective layers are obtained. Based on these, the transmission 
and reflection coefficients are presented from a piezoelectric solid substrate, a layered 
piezoelectric plate as well as elastic plate. In addition, the formulation for detecting the 
incident sound pressure using dual piezoelectric sensor layers is presented. With these 
formulations, the control-voltage functions of the active coating with a backing plate 
can be obtained directly. The algorithm makes the control circuit easy to be 
implemented. The product of incident sound that can be detected and the control-
voltage functions of active coating with the backing plate is the controlled voltage 
required for the active control purpose. 
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To study the oblique sound reflection suppression, a piezoelectric-enabled 
piecewise bilaminated structure is presented. First, the incident plane acoustic wave 
and piecewise electric potential excitations of the bilaminate undergo the Fourier 
transforms respectively which convert the problem in piecewise x coordinate system 
into the problem in the wave-number space. Second, taking into account of sound 
wave interactions with the bilaminate in a rigorous manner and using the Fourier 
transformed forms of field parameters’ results result in the reflected sound wave due to 
incident plane wave in the wave-number space as well as the radiated wave due to the 
applied piecewise constant electric potentials in wave-number space. Finally, the 
inverse Fourier transformation of these two waves generates the upward pressure 
waves in the x coordinate system again.  
• Development of a refined analytical model to predict the vibration response 
of a beam with passive constraining layer damping patches to overcome the 
over-estimation problems of the damping effects in the conventional 
analytical mode; 
A refined analytical method is proposed to analyze the vibration of a beam with 
passive constraining damping layer treatment. It differs with the conventional 
analytical approach in that the third admissible function is introduced to represent the 
longitudinal displacements of constraining layer. The longitudinal vibration mode 
shape function of a free-free beam is used for this third admissible function. Applying 
the assumed-modes method after application of the energy approach and Lagrange 
equations, the discretized governing equations of motion are established. The 
comparisons among the results from the approach proposed in the thesis, the 
conventional analytical approach as well as commercial FEM code reveal that the 
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refined approach can predict the vibration response of the cantilever or simply 
supported beam with single partial PCLD patch more accurately in frequency range of 
interest. 
The refined approach working well with passive damping treatment is extended 
for the vibration analysis of a beam with active constrained layer damping treatments 
under both mechanical and electric excitations. The whole procedure to analyze the 
vibration response of a beam with ACLD patch is same as that with PCLD patch. 
However, due to the dual excitations, the difference between PCLD and ACLD 
treatments comes in the energy expressions associated with the applied electric 
potential and the generated electric charge on the electrode of the PZT layer. In 
addition, one more assumed mode is adopted to represent the applied electric potential. 
9.2  Contributions of the research 
The main contributions of this thesis can be summarized as follows: 
• The governing equations that consider all the couplings among elastic, 
piezoelectric and acoustic combinations are derived for elastic, piezoelectric-
enabled structures and fluids, respectively, which provides a solid platform for 
further investigation in the area of sound reflection and transmission analysis;  
• A refined analytical approach is proposed for vibration analysis of a beam 
structure with passive and/or active damping treatments to achieve much more 
accurate prediction of damping effects compared to the conventional method, 
thereby rendering it more practical. 
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9.3  Recommendations for further study  
Possible areas of interest and further research along the lines of the present 
investigation pursued here are recommended as follows: 
• The formulations developed for interactions of acoustic waves and 
structures in the present study are for harmonic or stable vibration 
problems or sound propagations. An extension of the proposed methods to 
transient structural dynamic response should be explored. 
• In the present study, it is found that there exist some critical angles of the 
incident sound wave or angles of radiated sound waves where the active 
control of sound reflection and transmission is ineffective. It is worth to 
study how to enhance the effectiveness of the active control at these critical 
angles; 
• The refined analytical approach developed for vibration analysis of a 
structure with PCLD and ACLD treatments works well for beam-type 
structures. It is desirable to extend the approach to plate or shell type 
structures with appropriate improvement.  
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